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PREFACE 



To die teacher 

This booh is about indefinite integrals, definite integrals, and integral applications. It is divided into three 
chapters, structured as folio us: 

♦ Chapter J covers indefinite integrals. The first section of this chapter provides a basic introduction to integrals 
and integration rules. The second section looks at the main methods for evaluating integrals, including 
integration by substitution, integration by parts, and the integration of partial fractions. 

♦ Chapter 2 covers definite integrals. The first section looks at the concept of the definite integral and its 
properties, and introduces tico important theorems: the Fundamental Thorem of Calculus and the Mean Value 
Theorem. The second section is optional, and colters the integration of three particular types of function: 
absolute value functions, sign functions, and floor functions. 

+ Chapter 3 builds on the material of the previous chapter by showing some practical applications of the definite 
integral: finding the area under a curve and the length of a curve, and calculating the volume and surface area 
of a solid of revolution. 

Key emphasis is placed on the methods of integration by substitution and integration by parts in the second half of 
Chapter I and throughout the rest of the book. I consider these methods to be the most important ones, as they form 
the basis of many of the other integration techniques. Therefore, if the student masters these two methods, he or she 
will be well equipped to approach any integration problem. 

The book follows a step-by-step teaching approach, which leads the student from basic definitions and concepts to 
a gradual mastery of the topic, through a large number of clear ; solved examples. At each stage, students 1 progress 
can be checked through regular Check Yourself sections and graded exercises at the end of each section (see the 
section Using this Book’ at the end of this preface for more information). In addition, the Chapter Review Tests at 
the end of each chapter check students* understanding of the concepts and techniques in the whole chapter. The 
review 1 tests are graded from easy to hard, with review test A being the easiest, review test B being slightly harder, 
and review test C (if present) being the hardest level of all. 

To die student 

Integration is important in many areas of mathematics, engineering and architecture. If you are planning to study 
any of these things beyond high school, you will need a good, basic understanding of integrals before you begin your 
university course. This book has been written to help you understand integrals when you st udy them for the first 
time. Take time to understand the material in this book, as your university teachers will expect you to know it when 
you arrive at university. 

Integration is generally the last topic you will cover in your high school math course. The reason for this is simple: 
integration builds on a lot of the math you have covered in previous classes. Therefore, before you begin, make sure 
you have a good understanding of the following topics: polynomials, rational expressions, trigonometry, and 
logarithms. 
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To tiie Student . Using This Book 


Chapter 1 


This book is designed so that you can use it 
effectively. Each chapter has its own special color Chapter 2 
that you can see at the bottom of the page. 

Chapter 3 
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Definite Integrals 


I pplimtiom of Definite integrate 
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Different pieces of information in this book are useful in different ways. Look at the 
types of information and how they appear in the book: 


Note 

We ean make the following genera1l2ati< 
1 


Notes help you focus on important details. 
When you see a note f read it twice! Make 
sure you understand it. 


Definition boxes give formal descriptions of new concepts. Rule 
boxes give direct methods for finding the answers to questions. 
Theorem boxes include propositions that can be proved. The 
information in these boxes is very important for further 
understanding and for solving examples. 


Let md u 

respectively Then 


to 






lie, 


1 3 }> / 3xTT dx = ? 

V 

Solution 1 Let u 


Examples include problems related to the topic and their 
solution , with explanations. The examples are numbered f so 
you can find them easily in the book. 
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Check Yourself sections help you check your understanding 
of u'hat you have just studied. Solve the problems alone and 
then check your answers against the answer key provided. If 
your answers are correct, you can move on to the next 
section. If your answer is wrong, go through your working 
again and check back through the examples in the section. 




A small notebook in the left margin of a page reminds you of 
material that is related to the topic you are studying. 
Notebook text helps you to remember the math you need to 
understand the material. It might help you to see your 
mistakes, too f Notebooks are the same color as the section 
you are studying. 


Special windows highlight important new information. 
Windows may contain formulas, properties, or solution 
procedures, etc. They are the same color as the color of 
the section. 
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Exercises at the end of each section cover the material 
in the whole section. You should be able to solve all the 
problems which do not have a star. One star (©) next 
to a question means the question is a bit harder. Two 
stars (GO) next to a question mean the question is for 
students who are looking for a challenge! The a nswers 
to the exercises are at the back of the book. 


The Chapter Summary at the end of each chapter 
summarizes all the important material that has been 
covered in the chapter. The Concept Check section 
contains oral questions. In order to answer them you don’t 
need paper or pen. If you answer Concept Check questions 
correctly f it means you know that topic! The answers to 
these questions are in the material you studied Go back 
over the material if you are not sure about an answer to a 
Concept Check question. Finally, the Chapter Review tests 
include questions in increasing order of difficulty and 
contain multiple choice questions. The answer key for 
these tests is at the back of the book. 
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From vour previous studies you know how to find the derivative of a function. By using the derivative 
we can find die slope of a tangent line to a function at a point, as well as the intervals of monotony and 
local maximum and minimum points of functions. 

In this book we have one question to answer: we can find 
the derivative of a function, but if we are given the derivative 
of a function then can we find the original function? Irving to 
answer this question leads us to the concept of integration. 

We can define integration in two wavs: 

1. as the process of finding the primitive function of a given 
derivative, or 

2. as the process of finding the infinite sum of small parts. 

This gives us two tvpes of integral. The first tvpe of integral is 
called the indefinite integral (or antiderivative), and the second 
type is called die definite integral. 

The History of Integrals 

We can say that integration began with the problem of finding the area between a quadratic or cubic 
function and one or more axes. Another related problem was finding the volume of revolution that we 
generate by revolving a figure around any axis. Madi ematicians began studying these problems in ancient 
times. 



Hippocrates (440 B.C.) tried to find die area under a curve bv dividing the curve into some small 
rectangles. This gave an approximate value of the area under a curve. 


After Hippocrates, Archimedes (287-212 B.C.) used a polvgon with 96 sides to find the area under a 
curve and also the area of a circle, and calculated the number tz approximately. Archimedes tried to divide 
the area under a curve into hundreds of infinitesimal rectangles to obtain his results. 


Muslim mathematicians also tried to find the area under a 
curve. Thabit ibn Qurrah (826-901) found the area of a 
circle using complicated methods. In the eleventh century 
Ibn al-Havtham evaluated the volume of revolution around 
any axis. 

In the fourteenth century Hevtesburv found the formula 
for calculating the distance of an object moving at a uniform 
velocity. The area under a velocity-time graph gives the 
distance, and the area under an acceleration-time graph gives 
the velocity of the object. By using this information, Nicole 
Oresme invented kinematics. 






































In the fifteenth and sixteenth centuries, European sailors were exploring the world and needed to find 
the distance between any two points on the Earth s surface. For this reason, Edward Wright evaluated the 
approximate value of the integral of the secant function. In the seventeenth century Kepler evaluated the 
v olume of mans types of solids of revolution. 

Fermat (1601-1665) evaluated the area under the curve of y = ax* bx 
using an infinitesimal number of inscribed and circumscribed rectangles. At 
the same time, Vincent evaluated the integral of z/=A. and his student 
Sasara found the other logarithmic functions, then Neile calculated the arc 
length of a curve. 

In 1670 Bartow r collected all known information about integrals in a 
book. One of his followers, Newton (1642-1727), studied these topics and 
wrote a book called the Quadra ture of Curves about integrals. In his 
work he developed the Fundamental Theorem of Calculus. By using this 
theorem he found manv of the formulas of integration, including die 
substitution method and integration by parts. 

Gottfried Wilhelm Leibniz (1646-1716) thought about the area under a 
curve and divided it into infinitely infinitesimal rectangles, whose infinite 
sum gives us the total area. In his calculations he used the symbol J y dx. hi 
this notation, J is the first letter of Greek word summa (meaning sum ), ij 
is the ordinate of a given point, and dx is the differential (i.e. dx is the width 
of die rectangle and y is the height. If we multiply them we find the area of 
a small part. If we add all these infinitely many parts we obtain the total 
area.) 

Newton's Fundamental Theorem of Calculus tells us that the 
integral is the inverse of the derivative: it is the antiderivative. However, 
Leibniz's discoveries and integral notation were also important for our 
understanding of the integral as the area under a curve. For this reason, we 
can sav that Newton and Leibniz are both fathers of the integral. 

Other important mathematicians in the development of integral calculus are Bernoulli (who studied 
the integration of partial fractions), Cauchy (for his work on integrals as the limit of infinite sums, and the 
Mean Value Theorem), and Riemami (who developed general formulas for the integral of any 
function). 

Mathematicians, physicists, architects and engineers today use many advanced properties of integrals 
and special integration methods. I 11 tills book, we will begin our study of the subject by looking at the basic 
rules and definitions developed by Newton, Leibniz and their successors. 
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A. DEFINITION OF THE INDEFINITE INTEGRAL 


Definition 


The set of all antiderivatives of a function is called the indefinite integral of the given 
function. 


Let F(x) be a differentiable function such that F'(x) = f(x). Then F(x) is called the primitive 
or antiderivative of the function/(x), and the expression F(x) + c is called the indefinite 
integral of f(x). 


We write the indefinite integral as follows: J/(x) dx = F(x) + c. 
The different parts of the expression are as follows: 



The differential dx in the expression shows that we mean the indefinite integral with respect 
to the variable x. We can also find the indefinite integral with respect to other variables, for 
example: 



J/(0 dt = F(t) +c. 

We read the expression j f(x) dx as the integral of f(x) with respect to 
x\ The process of finding the integral of a function is called integration. 

To find the intepal of f(x) we ask the question: die derivative of which 
function is f(x)?\ 

In other words, integration is the reverse operation of differentiation. 
This is why the integral is sometimes called the antiderivative of a 
function, plus a constant term. Let us look at some examples. 
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EXAMPLE 


i 


EXAMPLE 


2 


EXAMPLE 


3 


EXAMPLE 


4 


Solution 


EXAMPLE 


5 


Solution 


1 2x dx — x~ -tc 

(The derivative of x~ is 2x\ so J2x d(x) — x~ -tc.) 

1 4x 3 dx = x 4 + c 

(The derivative of x 4 is 4x 3 , so j 4x 2 dx - x A -tc.) 
j siri x dx = - cos x + c 

(The derivative of-cosx is sinx, so J sin a 1 dx = - cos x+c > 


In examples 1 to 3 we add a constant c to each primitive. Why do we use it? To understand 
the reason, let us look at the derivatives of three different functions: 

y = ar, y f = 2x\ 

y — T 3, y' - 2x\ 

y — xr - 6, y' - 2x. 

We can see that the derivatives of the three functions are the same but the primitive 
functions are different. In other words, the integral of 2x could be x~ y or x~ -t 3, or x~ - 6, or 
any other expression of die form x~ T e, where c is a constant number (i.e. not a variable). 
Similarly, the integral of 3ar could be x 3 T 7, or x 3 - 12 t or any expression of the form x 3 T c. 
In fact, when we find the indefinite integral of any function we need to add a constant term, c. 
This constant is called the constant of integration. 


Note 

We must always use the constant of integration when finding an indefinite integral. 
IffXx) - 2x and/(3) - 7 then find f(x). 

f(x) — | f'(x) dx - |2x dx = x~ + c 
/(3) = 3 s + c = 7 
c = -2 

So f(x) = x 3 -2. 
jdx-7 

We know that dx = 1 ■ dx and y = x, y' = 1. 

So | dx = jl ■ dx = x + c. 
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EXAMPLE 


6 = ? 


Solution 


EXAMPLE 


7 


Solution 


This is tiie same as Example 5 except we need to integrate with respect to y. So J dy = y + c. 
jd(tanx) = ? 

Using tan x as variable, jd(tan x) = Jl■ d(tan x) = tan x+ c. 


B. PROPERTIES OF THE INDEFINITE INTEGRAL 


1. 

2 . 


3. 

4. 

5 . 


Tile differential of tile indefinite integral is equal to the expression after the integral sign: 

rij / (x) dx - f (x) dx. 

The derivative of the indefinite integral is equal to the integrand: 

A[/(x) dx= f ^-f(x) dx=f(x). 
dx J J v 


dx ' 


The integral and derivative are inverse operations so thev simplify each other. 

The indefinite integral of the differential of a function is the same function with a constant 

term added: r v v 

J dF(x) = F(x)-tc. 

Constant multipliers can be taken outside of the integral sign: 

|a ■ f(x) dx - a ■ J/ (x) dx. 

The integral of the sum or difference of two functions is equal to the sum or difference of 
die integrals of the given functions: 


J [f{x) ± g(x)] dx = J7(x) dx ± J g(x) dx. 


Proof To prove each property we will use the definition of integration: 
if F'(x) = f(x) then J/ (x) dx = F(x) + c. 

f Differentiating both sides of the equation j/(x) dx - F(x) + c gives: 
d J/ (x) dx — d(F(x) + c) = F'(x) dx + 0 dx = / (x) dx. 

So d J f(x) dx - f (x) dx. 

2. Again, using the definition we get 

/ (x) dx = (J/ (x) dx) = (F(x) + c)' - F'(x) + c' - f(x) + 0 = f(x). 

The proofs of properties 3 and 4 are left as an exercise for you. 
d Let us take the derivative of both sides of the statement to be proved: 

(J[/(*) + dx)' = (J/(x) dx ± J^(x) dx)' 
f(x) ±g(x) = (jf(x) dx)' + (|s(x) dx)' = f(x) ±g(x). 

$ 


Integrals 







EXAMPLE 


8 


/(a) = Jd(A 3 - 2 a" + 1) is given. Find/(2) if/(l) = 0. 


Solution Let us use the third propern 7 of integration: 

/(jc> = J d(x 3 - 2a" +1) = a 3 - 2a" + 1 + c 
/(l) = l 3 - 2 ■ l" + 1 + € = 0 => c = 0 and /(a) - a 3 2a~ + 1 
/( 2 ) = 2 3 - 2 ■ 2 " + 1 = 8 - 8 + 1 = 1 . 


EXAMPLE 


^ JV ■ /(a) dx = 3a 4 + 4a 3 - a" is given. Find /(a). (x * 0) 


Solution We can use the second property of integration. Take the derivative of both sides: 

— f a" ■ /( x ) dx - —i (3 a 4 + 4a 3 a 3 ) 
dx i ^ 


dx 

x z ■ f(x) - 12a 3 + 12 a" - 2x 
f(x) - 12a + 12 —. 


EXAMPLE 


10 


Solution 


Evaluate the integral J(sin a-3aT i-e x ) dx. 

By the fifth property of integration, J (sin x -3a" + e*) dx - JsinA rZA- |3a 2 dx-t JV dx. 


But we know that (cos a)' = -shia, (a 3 )' = 3a" and ( e x )' = 
so | sin a dx - J 3a~ dx + je x dx = -cos a - a 3 + e x + c. 


EXAMPLE 


ii 


Solution 


f'(x) = 12.x: 3 + 6jt- 4.v - 5 and/(2) = 5 are given. Find the value of/(l). 

We can use the second, fourth and fifth properties of in te pa ti on. In tep a ting both sides pves: 


j/'(jr) dx= J(12jjc 3 + 6jv" -4jc-5) dx 


f(x) = J 12x 3 dx + J 6,v e dx - J 4x dx - J 5 dx 

= 3 ■ 1 4x 3 dx + 2 ■ 13.v~ dx - 2j 2x dx - djd.v 

= 3 ■ x* + Cj + 2 ■ x 3 + c s - 2 ■ x~ + c 3 - 5x +■ c 4 
= 3a- 4 + 2x 3 - 2x" - + (Cj + c„ + c a + c + ). 
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However, the expression c 1 + c„ + c 3 + c 4 is equal to any constant real number, so we can 
replace it with the single constant c: 

f(x) = 3.v 4 + 2x 3 - 2x- - 5x + c. 

Now /(2) = 5 (given), so 5 = 3-2“ + 2-2 3 - 2-2 2 - 5-2 + c = 48 + 16 - 8 - 10 + c = 46 + c. 
So c = -41 and/(x) = 3.v + + 2x 3 - 2x' - 5% - 41, which means 
/(1) = 3-1 4 + 2-1 3 - 2-1 2 - 5-1 - 41 = -43. 


Check Yourself 1 

1 Evaluate each integral bv using the definition of integration. 


a. 


1 6x* dx b. 1 3 sm x dx c. 1 4e~* dx 


2. Use die properties of the indefinite integral to calculate each integral, 
a. | (x 2 + 4x" - 3x - 1) dx h, j I -i- -t- 4 cos x - e x 1 dx 


3. | x 3 /(x) dx — x° - 4x 3 + 2x~ +1 is given. Find/(x). 


Answers 

1. a. x 6 + c 


2 . a. —T 

4 3 


b. -3cosx i - c c, 2e" -t c 

4 4x 3 3 x s . 1 


12 4 

x + c b. 5r+4sina:-e* + c 3, /(x) = 5x-—+ — 
2x^ x x" 


C. BASIC INTEGRATION FORMULAS 


We have seen that integration is the opposite of differentiation. Therefore we can take the 
formulas we found for the derivative and reverse' them to obtain formulas for the integral of 
a function. Let us look at each set of formulas in turn, along with some examples of their 
application. 

Note 

The formulas in this section come from ‘reversing 1 the formulas we found for the derivative. 

We will not prove them here. 
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EXAMPLE 


12 I 


x dx = ? 


x 3+1 x 4 

Solution Using formula I a: jx 3 dx — ^ ^ -l- c — — + c 


EXAMPLE 


13 j+- 


Solution f^- dx= \x 4 dx = —-+ c = -—+c = — 

J v 4 J -4 + 1 -3 Tv 3 


3 a 1 


EXAMPLE 


14 J 


3x* dx = ? 


A^ 6 A^ e 

Solution f3x a dx = 3fx* dx - 3 -— -tc = —+ c 

J J (S 9 



EXAMPLE 


|j § |(3x 4 + 4a: 3 2xt + x - 5) dx — ? 

5 4 ^3 

Solution [(3 a 4 + 4a 3 -2at + a -5) dx — 3—+ 4 — -2— + — -5x4- c 
J 5 4 3 2 

t ,3 


3x° 4 2x a" r 

-+ A 1 -+ -- 5x + € 

5 3 2 


Check Yourself 2 

Evaluate tlie integrals. 


a. f — dx 
} 2 

b. J 

f-r (lx 
x~ 

c. J(x~ - a 3 4r a 4 ) d A 

d. dx 

e - J 

[ ( A 1 4- if dx 

f. J(3x a +4a~ — a) dx 

Answers 




x * 

a — + c 

8 

b. . 

3 

— + c 

X 

a 3 a 4 A b 

c. —--+-+ C 

3 4 5 

. 2x~°' z 2x 3 '- 

d. - +c 

5 3 

e. 

X 3 Q 

: — + X~ + X 4- c 

3 

_ 3a 4 4a 3 a~ 

f. -+- -he 

4 3 2 
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BASIC INTEGRATION FORMULAS - 2 


f — dx — 111 | X | + C 
J r 


r U '(X) (IX T . , . 

--= 111 | if ( X) | + C 

J ll(X) 


EXAMPLE 


16 |- rf y= ? 

J U 
c 1 

J — dy - In | y | + c 


EXAMPLE 


17 j^*=? 

J ar 


Solution 


Using formula 2b: [ — fix = In \x~ +c = lnx“ +c since (x 2 )' = 2x 
J x" 1 1 


EXAMPLE 


18 [—<!*=? 

J ■ 


Sill X 


- cos X 

—dx = In | sinx | -t c since (sm x)' = cosx 
J sinx 


EXAMPLE 


if j 


x - 3 


dx = ? 


r 4 

-rfx = 4 - In |x - 31 + c since (x 3)' = 1 

J x - 3 


❖ 


Check Yourself 3 

Evaluate the integrals. 

»■ jfM-4]* 

J { X X X J 

Answers 

i . . 1 1 

a. ln|*| + -+—;r+c 

X 2x~ 


r 5x* -I- 2X" i- 3x - 5 _ 
b. -=- dx 

j V“ 


l -\ V I l “\ 

b. — +2x + 31n|x|+-+c 
4 x 


f—-— fix 
J 1 + 5x 


c —In | 5x + l | +c 

5 
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EXAMPLE 


20 


Solution 


EXAMPLE 


21 


Solution 


EXAMPLE 


Solution 


EXAMPLE 


23 


Solution 


EXAMPLE 


24 


Solution 


J> dx 


I 3 ''! 


X — -+ c 

In 3 


J4-5 1 dx — ? 


J4 ■ 5 1 dx= 4 ■ J5" dx 


4-5 s 
-+ c 

In 5 


14e' dx = ? 

1 4e‘ dx = 4e x + c 


JV 1 " 3 dx = ? 


jr *- 3 


dx = | 


(? 4 r 

7 3 


rf.X 1 = 


( 7 4 y 7 4 ^- 3 

v / + r = _-I- r 

T ■ In 7* 4 ■ In 7 


j5e I+1 dx = ? 

|5e I+1 rfjc = 5e ■ JV djr = 5e -e* +c = 5e ,i+1 + c 


V % % % % 

Properties of Exponents-. 
a m -a n = a m+ " 





(O" = 
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EXAMPLE 


MS 1 e3l+1 dx = 7 

Solution fe 3l+1 dx = e- [(e 3 ) 1 dx = e ■ ^ J , 

J J ln(e 3 ) 


(ry e ix+1 

~tC - -i ~C. 

3 


Note 

We can make the following generalizations of formulas 3a and 3h: 

1 

—i 

a 

1 a 1 


e 4- c t 


JV 14 * dx 

dx 

J m lna 


--t-c 


( 1 ) 

( 2 ) 


EXAMPLE 


JV* '(lx 


Solution Bv (1) above, IV* 1 dx - — e 4 * 1 4-c. 

j 4 


EXAMPLE 


27 1 


5 3 ^dx : = ? 


Solution Bv (2) above, 


1 c*+l 

5 3 * 41 dx = --—+ c = --+ c. 

3 In 5 31n5 


Check Yourself 4 

Evaluate tlie integrals. 


a. j5-3" 

dx 

b. J (2 T - 3*) dA" 

c J"6 5l+1 rf.v 

M 

e. j3e 31 

dx 

f. 12e' 3, ‘ 31 dx 

g. 12 4 *" 4 rfje 

h j. 


Answers 


n 5-3* 
a. --i -c 


In 3 


e. e 3 * + c 


1 T 3* 

1 '-+ c 

In 2 hi 3 

f. <T* 3 + c 




5 In 6 


-+ c 


In 2 


- + c 


i+3 \ 


dx 


3 -5 I+3 4* +3 


Ii. 


In 5 31n4 


-3- c 


-fc 


e ■ In 2 
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EXAMPLE 


SO | cos (^ x+ ^) 


dx - ? 


Solution jcos (7.x:+3) dx : = — sin(7x+ 3) + c 


EXAMPLE 


JSsin (2 a; -1) 


dx = ? 


- r 1 3 

Solution 5 siii (2.x: -I) dx — 5 ■ sin ( 2x -1) dx = 5 ■ — (-cos(2 x- 1)) -t c- - -cos (2x -1 ) + c 


EXAMPLE 


32 1 


cos - 3.v 


dx = ? 


Solution f—^— dx = — ■ tan 3 A' + c 
J cos" 3,v 3 


EXAMPLE 


33 I esc" ( 5 a - 3) dx = ? 


Solution f esc"(5 a-3) dx= ---cot (5 a -3)+ c 

J Fi 


EXAMPLE 


S 4 I cos " x d x ~ 7 - 


r 2 _ f l + cos2% 

Solution J cos' x dx = J-- dx 


lk dx+ l 


COS 2 A’ 


dx 


X 1 1 . n 

—+ c, + —. —sm 2 x + c, 
2 1 2 2 


ccccc 

Reducing degree of 
cosine and sine ■ 

„ I + cos 2x 


2 

1- cos 2x 


x sin 2 a 1 


-+c 



Integral j 





















EXAMPLE 


H P) Jcot" X dx - ? 


Solution Jcot'x dx = J(cot s x + l -1) dx 

= | (cot ~ x + 1) dx - J dx 

= -COtA-f ~C 1 - X + C 

= -ooix-x-c 


EXAMPLE 


36 | cos" 3x dx -1 siir 3x dx 


Solution |cos' 3x dx-J siir 3x dx - J(cos" 3x -siir 3 x) dx 

= Jcos6x dx 


-sm6x + c 


q c c c c 

Double Angle Formulas 
cos2^ = cos'jc - sin" a: 
sin 2x = 2 sin ^ cos ^ 
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EXAMPLE 


3 $ j3tail"(2 a + 1) dx - ? 


Solution 



13tail' (2 a + 1) dx — 31tail '(2a 1 +1) dx 

= 3j(l + tan 3 (2x+l)-l) dx 


3(—tan (2 x +1) - x) + c 


-tan(2A + l) -3 a + c 


Check Yourself 5 

Evaluate die integrals, 
a. j(sin x- cosx)" dx 


d J ( — ^ + — \r~ dx 
J cos" x sin" x 


g. |tail" 2 a 
j J—^r dx 

J 1 + X 

Answers 


b. | (2 sin a - 3 cos a) 

e. | sin 4 a d x 

b. | cot" ( 3 a+ 1 ) dx 


i- 


dx 


^4 - 4x~ 
f | cos ( 5 a- 1 ) dx 

i. Jsin'A dx 


a. a + —cos 2 a + c 
2 


b. -2 cos a - 3sinA -I- c 


c, —arcsiiiA + c 
2 


d tan a - cot a + c 


tan 2 a 

g. - -x + c 


e - — cos 4 a + c 
4 


COt( 3 A + l) 

h. - ---— — A + c 


f —sin ( 5 a- 1 ) + c 


A Sill X COS A 

1. —-+ c 

2 2 


j 5 aictaiiA+c 
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Sir Isaac Newton (1642-1727) 

Sir Isaac Nacton is one of the greatest mathematicians in the his Wry of mathematics. 

Isaac was born in England in 1642. His father was a 
farmer but he died before Isaac was born. Isaacs 
mother remarried when Isaac was two years old and left 
Isaac in the care of his grandmother Isaac went to 
Trinity College , Cambridge in 1661. 

At Cambridge, Isaac want to be a la wyer ; but first stud¬ 
ied philosophy. However ; when he learned about the 
work of Descartes in algebra and analytic geometry he 
decided to study mathematics and mechanics He 

studied mathematics and physics until the University closed in 1665 because of the 
plague. Then he went home to Lincolnshire for two years. 

While Isaac was at home he studied mathematics, optics , physics and astronomy. In 
this period of two years he established the beginnings of differential and integral 
calculus , independently of from the discoveries of another mathematician, Leibniz. He 
also made discoveries concerning the area of the region under a curve , the tangent of a 
curve at a point , and the maxima , minima and arc lengths of curves. 

In 1669, at the age of twenty-seven, Isaac returned to Cambridge University and 
became a professor of mathematics. Then he studied optics. In 1672 he was elected to 
the Royal Society. 

Newton s greatest works were about physics , mechanics and optics. He also discovered 
the rules of gravity, and made important discoveries in calculus. 

Newton wrote his most famous book , the Fiincipia Mathematics, in 1687. In the 
Principle Newton described his work in physics and its applications in astronomy and 
mathematics. Some people today consider the Fiincipia to be one of the greatest science 
books ever written. 

In 1693, Newton suffered a ner vous breakdo wn so he stopped his research a nd took up a 
government position in London. In 1703 he was elected President of the Royal Society. 
In 1708, Queen Anne knighted Newton , and he became Sir Isaac Hew ton. He was the 
first scientist to be so honored. 

Isaac Newton died on 31 March 1 727 in London. 





EXERCISES 1.1 


A. Definition of the Indefinite Integral 

1. Evaluate the integrals. 

a. \ir 

b. \d,. 

c. jd COS A 

d | d(A 3 + 3 a ^ -1) 

B. Properties of the Indefinite Integral 

2. Given /(a) = Jd(A* -1) and/(l) = 2, find/(5). 

3. J" a ■ /(jt) dx - x~ + 5a +1 is given. Find /(a). 

4. | x 3 ■ / (a) dx = a 5 - 4a 3 - a +1 is given. Find /(2). 

§*/'(a) — 5.x:' -4 a* + 1 and/(l) = 3 are given. Find 

/( 3 ). 


e - |cos4A’ dx 
f- J 7 sin a* dA 
g- Jbe 3 * dx 

to. J(2cos3A’ + 4sin*-4e a *) dA 

C. Basic Integration Formulas 

7* Evaluate the integrals, using the basic formulas 


for integration. 

a. 

JV dx 

b. 

1 4 dA 

c. 

{a- dA 

d. 

f-V dx 


J A 

e. 

| 3a 7 dA 

f. 

r 1 1 1 , , 

I ( 3 ^ e 9 ) 

■f A A A 

fi¬ 

18e' s dA 

ll. 

| (3a" + 4a - 1) dA* 


Evaluate the integrals, 
a ■ | (cos x + 4a* 3 - 2e a *) r/A 
J(5A 3 -3A*'+5)rfA* 

c. 

J1+a" 1 

d. 17 a a dA 


8. Evaluate the integrals, using the basic formulas 
for integration. 
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d - J 

(sin x -f cos jv) dx 

10, Evaluate the integrals, 



for 

integration. 

e - . 

[4- dx 
x~ 

a. 

| sin 4x dx 

f - J 

^ dx 

A+l 

b. 

J" cos 5 a dx 

* j 

r 1 rj\ 

c. 

f 4 dx 

x-1 

£T aA 

J COS' X 

h. j 

r 4a 3 + 3x~ - 4x -i-1 , 

d. 

f ^ dx 

J sin" 2x 

O (IX 

X J 




e. 

14 sec 1 4.v dx 

9, Evaluate the integrals, using the basic formulas 



for integration. 

f. 

| tair x dx 

a. j 

e~ x dx 

S 

J (cot" A’+2) dx 

b - J 

[e ai dx 



C ' J 

[3e"* dx 

h. 


d - J 

\Se 7x+ ~ dx 

i. 


e. j 

\le'~- dx 

j- 

r a- + 5 

. 1 dx 

J X +1 

f ' J 

[ 2-’ +1 dx 

L 

Jbcos(8^-4) dx 

* j 

h. j 

[5* dx 

[ 6"*- 1 dx 

1. 

\ , 1 dx 

3 Il-4x- 

J 

[4 3i - + dx 

m. 

f „ dx 

j 9x~ -1-1 

^ J 

[S 31 dx 

n. 

J sin" A" dx 

J, j 

[l0 ,+1 dx 

0. 

j cot' x dx 

L J 

[ 4 ■ 3"*" 1 dx 

P 

|(tan' x-1) dx 

Indefinite Integrals - 
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2 INTEGRATION METHODS 

We have seen how to use basic integral formulas and properties to find the integral of 
different functions. However, for some questions, using just these rules will not be enough to 
find the integral. 

In this section, we will look at other methods we can use to integrate a function. These are: 
integration bv substitution, 
integration by parts, 

and special methods for the integration of rational, radical and trigonometric functions. 

A. INTEGRATION BY SUBSTITUTION 

For some integral problems, using x as variable does not give an expression that we can 
integrate easily, hi this situation we can choose to change the variable. This method is called 
the substitution method of integration. The following theorem states the formula we use in 
the substitution method. 


Theorem 


Let F{u ) and u{x) be two functions which are differentiable with respect to u and x 
respectivelv. Then 

| f(u(x)) ■ u\x) dx — F(u(x)) + c. 

Proof We know from the Chain Rule that when F'(x) — f(x) then _ f’(m(x)) ■ u '(x). 

dx 

Integrating both sides of this equation with respect to a 1 gives us: 

j fiF(»(A )) ^ _ jj^ u ^ x yy u '(x) ( l x 

This imphes F(u{x)) + c = J/(it(x))- uX;x) dx t which completes the proof, 
hi practical terms, we can summarize the substitution method of integration as follows: 


SUBSTITUTION METHOD 


J Decide which term to substitute (i.e. select it 

du 


Differentiate both sides of u = g(x) to get 


dx 


■ 9(x)). 

S'(-V). 


Rewrite the result as du = g'(x) dx. 

Make these substitutions in the original integral to get a simpler expression. 

Integrate the simpler expression, then substitute back the original terms using u 


g(x). 


IS 


Integrals 












EXAMPLE 


33 j(*-l) E dx=? 


Solution 1 Bv using basic integration formula la we can get the answer: 

f n - ^ 3 
J (x - 1)" dx = J (x“ - 2x +1) (lx = — -x~ 1- x + c r 


Solution 2 We can use the substitution method: 

Let u - x - 1, then dit = dx. Then J (x-1 f dx = J u~ du = — + c 3 . 

Now substitute bach w = x - 1: 

(x -l) 3 x 3 - 3x~ + 3x -1 x 3 * 1 

---tc n =--t-c, = — — x" -Lx - — + c„. 

3 3 3 3 


We now have — H-c* instead of c, but we can say the answers aie the same. Can you see why ? 
3 - 1 


Note 

Any substitution will not work correctly in this method. An ideal substitution is the one that 

1. removes all old variables, 

2. makes the integral expression simpler. 


EXAMPLE 


39 


| (1 - x) 9 dx = ? 


Solution 


Let u - 1 -x, then du - -dx. Substitute this in the question: 

10 n _ vlQ 

|(1 - x) 9 dx — | u 9 (-du) - -J u 9 du — - —+ c - - -—j—^—+ c 


EXAMPLE 


40 K 


COSX dx = ? 


Solution 


Let u - x 3 , then du - 3x~ dx. Substituting tliese gives: 
f 3x~ cos x 3 dx — [cos u du = sin u + c - sin x 3 + c. 
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EXAMPLE 


£j^ M | (x~ + 5) 7 ■ Jt 1 rfx = ? 


Solution Let = x~ + 5, then du - 2x dx T i.e. — = a 1 rfx. 

2 

Substituting these gives: 


|( x~ -t 5) 7 ■ x dx = 


1 «_ +c= (*-+5)- +c 


2 8 


16 


EXAMPLE 


42 1 ( 2 * s +i )( 2x3 + 3a ’) 7 ^ = ? 


Solution Let = 2a 3 + 3a, then du = (6a:" + 3 ) dx, i.e. — = (2a" + 1) dx. So 

3 


|(2a" + 1)(2a 3 + 3a) 7 dx = |m 7 


3 3 


| M 7 du ■ 


1 it 1 (2 a 3 + 3a) 1 
-+ c = -- —+ c. 


3 8 


24 


EXAMPLE 


43 J 


In x 


dx = ? 


Solution Let u = In x t then du - — dx. So 


r hi v , r , u in x 

- ax = u du = —+ c =-+ c 

J x j 9 9 


In' a* 


EXAMPLE 


44 J/ 8 c*) ■/’(*)<** 


Solution Let u - f(x) t then du - f r (x) dx. So 




J/ 5 (a;) ■ / '(x) dx = | u D du 


u 6 /*(*) 

--§- C = J v y -f- c. 
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EXAMPLE 


45 JV 


1 - 3 * dx = ? 


Solution Let u - 1 - 3a, then du = -3 dx T i.e. rfx 


fZtt 


So | Vl - 3 a 1 dA = | t/m" ■ (- —) 


1 j 4 


1 u% 

T~3" 


u ■ rf;i = - —-V——+ c 


■(1-3*)^ + CL 


EXAMPLE 


^5II I siti3 % ■ cos % ^ = ? 


Solution Let w = siiiA, then dit = cos a dx. So 
J sin 3 a ■ cos a riA =| it 3 du = — + c 


sin 4 A 


-+ c. 



EXAMPLE 


J COS 3 A rfA — ? 


Solution Let = sinA t then du = cos a dx. So 


J cos" x ■ cos x dx 


Fundamental 

J Cl — sin a x) cos x dx 

Trigonome trie Identity 

sin"£ + cos "ix = 1 

J(l-« a ) dn 



u 

u - —+c 
3 


— sin a - 


sin 3 A 
3 


+ c. 
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EXAMPLE 


48 J 




dx = ? 


Solution Let u = e x anddu = e* dx. So 

da 


f/\ dx =\-f. -7 

Vl -e~x Vl- zr 


arcsinzzi-q = arcsine + c 1 


or 


- arccosiM-c„ = -arccose* -I- 


EXAMPLE 


49 J 


,3* +4*--I /n 


(9x"+8x)rtx=? 


Solution Let zj = 3a: 3 + 4x a - l t then du — (9x" + 8x) dx. 
j 3 3*» + 4«*-i >(9x a +8jt) = J 3 . du 

3“ 

--tc 

In 3 

^ 3 i a + 4^ 1 -1 

-+c. 


In 3 


EXAMPLE 


50 1 


Vl-9jk E 


■rfA’ - ? 


d zz 

Solution Let u = 3 a\ then du = 3 dx T i.e. dx = —. Substituting gives: 

3 


1 du 


l -_L_.it = /-,__ 


1 1 

—arcsm u -f- e, = —arcsm3x+ c, 
3 1 3 1 


or 




1 1 

—arccoszz + c, = arccos3x+ c„ 

3 3 
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EXAMPLE 


51 f^* =? 

- 1 + 4x s 


(lit 

Solution Let u - 2a, then riu = 2 dA, i.e. rfx = —. So 

2 


f —dx = f —Lf 
J l + 4x 2 j 1 + m- 


1 du 

2~ 


1 1 
—arctan u + c, = —arctan 2 a+ c, 
2 1 2 1 


or 


1 1 

■— arccot u + c„ = —arccot2x+ c„ 
2 2 


EXAMPLE 


52 1 


sin (In a ) 


dx = ? 


Solution Let u = In x, then da = — dA. So 


■ sin (hi a;) 


dA = | sin u du 


- cos u + c 

- COS (111 A) + C. 


EXAMPLE 


53 


J (a + 2) (a -1) 4 dx = ? 


Solution hi tins problem, we cannot immediately get the answer using one substitution. Let us find a 
substitution for each term instead. 

Let u = a - 1 so du - dx. 

Now we can write a = 1 T so aJ-2 = u + 3. Now we can substitute: 


| (a + 2) (a - 1) 4 dx - J(m -h 3) ■ u 4 du 
- J(m 5 + du 4 ) du 


(a - 1) € 3(a -1) 5 

-+-+ c 

6 5 
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EXAMPLE 


54 r_Z_ 

} (5x + 2f 


Solution 



- dx = ? 


Let u - dx 4 - 2, then du = 5 dx, i.e.dx 


du 


So f--— -dx = f -^—du 

* (5a 1 + 2) ■* 5m 


Jic 9 du 


5 

7 u* 
5-8 

7 


40 u 


-+ c 


-f-c 


40(5x + 2) 


- + c. 


Check Yourself 6 


Evaluate tlie integrals. 


a |sin(1 - x) dx b. J(1 - x 3 ) b ■ x~ dx c. Jx ■ sin(5x~ -1) dx d. |- 


+ 9x 


dx 


e. JV“* sm a 1 dx 


!■ f —dx 
J 1 + 2x~ 

/l/iswere 

a cos(x - 1) + c 


i j 


Sill X 


dx 


+ COS^ X 


Vl 4x" 


dx 


(* 3 -i ) 6 

18 


£■ Jsin(7x+1) dx JV" 44 * 2 (x + 2) dx 


f —^dx 

J 1 + x 


1 | sin x cos 3 x dx 


+ c c. 


cos(5x s -l) + ri 5arctan3x 


10 


+ c 


e -ecosx + c f -arctan(cosx) + c g -—cos(7x4-1)4- c h. -i- c 

7 2 In 5 


arctan x - 


s ^Tarctan(x^) _ , 3arcsin2x L 

1 -“I - c _ • c 

2 2 2 


-+ c 


cos 4 X 


-4- c 
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B. INTEGRATION BY PARTS 


Integration bv parts is the second main method of integration. Many of the other methods of 
integration use integration by parts, so it is an important method to master. 

Integration by parts is a method for evaluating integrals of die form J/(x) ■ g(x) dx which are 
difficult to evaluate using other techniques. The method uses the following theorem: 


Theorem 


Let u - f(x) and v - g(x) be two differentiable functions with respect to x, then 

| u ■ v dx = u ■ v -1 v ■ u ' dx. 

Proof We know from differentiation that d(u v) - v du T udv. 

If we take the integral of both sides we get j d(u ■ v) - J v du +1 it dv, which gives 
u ■ v - | v du + |a dv. 

Rearranging gives f u dv - u v - f v du , which is the required result. 



Note 

In this part we use u' and v f instead of du and dv to make expressions shorter. 


EXAMPLE 


JY 


e x dx = ? 


Solution 


Let u = x and v f - e s T then u' - 1 and v - e*. 


So e* dx = x e* -je x dx - x e x -e x +c. 

Here note that although v p - e x we did not write v = e* + c 1 but just v - e*. This is because 
of the fact that after evaluating the final integral there will be a constant which is the sum of 
all constants. 
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Note 

In this method there is no rule for the selection of u and v' but generally we choose u to be 
the function whose degree reduces when we take its derivative. Tvpicallv t we often choose 
logarithmic and inverse trigonometric functions for u t and functions such as sin a\ cos x 
etc. for v% although these are only guidelines. 


EXAMPLE 


]§) Jx~ ■ hi a: dx - ? 


Solution 


,, , 1 X 

Let u = In A’ and v ' = x“ t then u - — and v = — . 

x 3 

r o , , , a : 3 f a : 3 1 , , a ? 3 1 A " 3 a : 3 ^ 1 

So a " ■ In x dx = Inx -- - dx = Inx — -- -tc = — (hi x - —) + c. 

J 3 J 3 x 333 3 3 


EXAMPLE 


57 1 


In x 


dx 


Solution 


Let u - Inx and v f - -r f tlien u f — — and v 


r 111 A 1 1 _ f 11 

So \^-dx = - —-Inx- -—=-■- 
J j 3x 3 x 

-Jx^ dx 


3x 

111 a 1 


x 

dx 


3x J 

Inx 1, 1 v 

- —=-+ —(- —=-) + c 
3x 3 3x 3 


lux 1 

3x 3 9x 3 


EXAMPLE 


58 I 


x ■ cosx dx = 


? 


1 


3x 3 



Solution Let u - x and v' = cosx, then u' = 1 and v - sinx. 

So | x ■ cos x dx = x ■ sin x — J sin x dx = x ■ sin x + cos x + c. 
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EXAMPLE 


59 | arc tail x dx - ? 


Solution Let it = arctan x and v f = 1, then u' 


1+ x~ 


an d v = x. 


So f arctan x dx - a ■ arctan x - f — dx. We can now use integration bv substitution: 
J J l+ar 

Let u m = 1+ x~ t then dw — 2x dx and x dx - This gives 

2 

f arctan x dx — x ■ arctan x - f die 
} J 2 IT 

l t . 

- x ■ arctan a - —In w +c 

2 

1 

= x ■ arctan x - —ln(l + x~) + c 


EXAMPLE 


60 I 


a 1 ■ sin 4 a dx = ? 


Solution Let at = a and v f - sin 4a, then u' = 1 and u 

f , acos4a r cos4a , 

J a ■ sin 4 a dx = -J - dx 


-cos 4 A. 


a cos 4a 1 r , 

-+ — cos 4 A" dx 

& a J 


acos4a s1h4a 

-+-+ c 

4 16 


EXAMPLE 


fa I | A *Jx - 2 dA - ? 


Solution Let u = x and v = - 2 f then m' = 1 and v— — (a-2) This gives 


| a i/a 2 dA = —(a-2 )^x- J—(a -2)^ 


dx 




3 15 


/jnJe/rVzife //Virata 























Note 

When we integrate a function, we may get two different answers if we use two different 
methods. However, if our working is correct for each method then we say that both of the 
solutions are correct. This is because the integral is the antiderivative, and there may be two 
or more functions with die same derivative. 


EXAMPLE 


62 


Je~* ■ sme 1 dx = ? 


Solution Let u — e* and v' - e x sin e\ then u' - e\ To find v we need to integrate e* sin e*: 

Let t = e\ then dt = e x dx and so v = JV sine 1 dx = Jsinf dt - - cost = - cose 1 . 

JV*sine* dx =-e* cose* - J-e* cose* dx = -e* cose* + jV cose* dx (1) 

We now need to integrate e* cose*. Let us use k - e* and dk - e* dx. 

By substitution, Je* cose* dx = Jcos k dk — sin T c = sin e* + c. (2) 

Combining (1) and (2) gives JV* ■ sine* dx = -e* cose* Tsine* +c. 


EXAMPLE 


63 | sin (In x) dx = ? 

Solution Let u = sm (In x) and t/ = 1, then u' = cos ^ 1 and r — x . 

x 

This gives j sin (In x) dx = x ■ sin (In a) - Jx ■ cos ^ 11 ( j x = x . sin (In a) -J cos (In a) dx. (1) 


Now let us evaluate JcosQnx) dx separately: 


Choosing u x = cos (In a) and dr' = 1 gives d« 2 = - Sjl1 A ^ f * A and = x t so 


| cos(hi a) dA = a ■ cos (In a) - | a ■( 


sin (In a) 


-) dA" 




= a ■ cos(ln a) + 1 sin (In x) dx. (2) 

Substituting (2) in (1) gives 

| sin (In a) dA = x ■ sin (In a) - (a cos (In a) + j sin (In a) dx) 

= a ■ sin (In a) - a cos(ln a) - J sin (hi a) dA 

2 ■ | siiHln v) dA = x sin (In a) - x cos(ln x), 

r . „ v , A(sin(ln a) -cos(ln a)) 

sm(ln a) dx = —--— 

j o 


-+ c. 
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EXAMPLE 


^ JV sin a dx = ? 


Solution 


Let it = e x and v f - sm x , then it' = e x and v - -cos a. This gives 
| e x sin x dx = -e x cos a 1 + JV cos x dx. 

For the second part, we will use integration bv parts once more. 
Let u 1 = e x and vf - cos a, then u* — e x and v 1 = sm a . So 
J e x cos a 1 dx = e x sin a 1 - J e* sin a 1 dx and 
| e x sin a dx - -e* cos a + JV cos a dx 

= -e x cos a + e x sin a - J e x sin a dx 

2| e x sin a dx - -e x cos a+ e x sin x 

e x sin a dx - —(sin a - cos a) + c. 


Check Yourself 7 

Evaluate the integrals. 

a. jin a dx b. J a 2 ■ sin a dx 

e - JarcsinArfA £ Jlog(A + 3)dA 

i. J e r ~ x+1) ■ cos(a - 1) dx J- J (a -1) ■ In x dx 

Answers 

a. x In a - a T c 

A" In a a" 

c. -- —-tc 

2 4 

e. a arcsin x + ^1- x~ + c 

2 sin 3 a (2 a +1) cos 3 a 

g. ----+ c 

9 3 

j gS , + i ( 2cos(A-l) + sin(A-l) 

^ 5 5 

k 2 (aT1) 3 ^(3a-2) +c 

15 


C . j A ■ 111 A dx 

£ |(2a -hi)sin3 a dx 

^ JaVa + 1 dx 


d. | a 2 e~ x dx 
h JV* ■ sin a dx 
£ J 3a ■ sin a ■ cos a dx 


b (2 - x") cos a + 2a sin a + c 
A V(2x" - 2x + l) 

-- + c 


f. (a -I- 3) log (a + 3) 


In 10 


- + c 


3 , 3 sin a cos a, 

h. e 3x ( --- )-tc 

10 10 


2 4 

i 3 sin a c os a 3 a sin~ a 3 a 
1 - 4 ---- 
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C. INTEGRATING PARTIAL FRACTIONS 


We use different methods to evaluate integrals of the form 
are polynomials and Q(a) ^ 0. 

The method we choose depends on the partial fraction involved. Let us look at the main 
possibilities. 


t\ where P(x) and Q(a) 

Q(x) 


Q Q Q Q Q i 1 - J HT^y with de 9[ p C x )l = deg[Q(x)] - 1 


Q(x) 


Given a polynomial P(^) 
to denote its degree we 
use deg[P(lv)l. 


For integrals of this type we use the substitution u 
After tins, we try to find the answer. 


Q(a) and try to find du in terms of P (x) dx. 


EXAMPLE 


65 I 


5a +1 


dx = ? 


Solution Let u = 5a + 1, then du = 5 dx y i.e. dx 


du 


So [—-—dx = f- 
J 5a+ 1 J 5 


3 3 3 

du. - — ■ hi | u | + c- — ■ hi | dx +11 + c. 
Su 5 5 


EXAMPLE 


66 I 


2a - 3 


- dx = ? 


a j - 3a-1 

Solution Let u = x~ - 3a 1 - 1, then du = (2a 1 3) dx. 

2a - 3 , f 1 


So f -s—- — dx - [ —du - In | u | + c = In | a " - 3a -11 T c. 

J x~ - 3a -1 J u 


EXAMPLE 


67 I 


A' + 2a + 1 


<2a = ? 


Solution 




f —— - dx = f -—- dx 

} a- +2a + 1 j ( x T1)“ 

Let u = a + 1, then du = dx. 

f--—- dx = f du — f u “■ du 

J (A-f-iy J u~ J 


-+ c 


A + 1 


-T C 
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Check Yourself 8 


Evaluate die integrals. 


dx 


J lx - 6 

d. r. ** — 

J x~ + 8x + 16 

Answers 

a 41n | 7a;-6 | 


+ c 


x + 4 


-+ c 


r 2 x + 3 

b. I —- dx 

J x~ + 3x -1 


j- 


x~ - 2x 


e- I -—— dx 

x - 3x -1 


b ln|ar + 3a: - 11 + c 


In | a- 3 - 3x~ -11 


+ c 


c f ——-rdx 

J (x + 1) 


(:v +l) 3 


-+ c 


C C C C C [ 2 ' J QM with de 9 [ p 00 ] < deg[Q(x)] 


A polynomial Q(x) is 
re ducible in R if it is 
possible to factorize it. 


Q(x) 

and Q(x) reducible in R 

In tins case, if Q(x) is linear (degree 1) 

then we can evaluate the integral easily 
r 

using the formula — dx = In | u | + c. 

J u 

However, if deg[Q(x)| > 1 we begin bv 
trying to write given expression as the 
sum or difference of two or more partial 
fractions. The rules for doing this are 
given below. 



Indefinite Integral* 


P{x) 


B 


(a a + b ) ■ (cx + d) ax + b cx + d 
P(x) _ A B C 


(axi-by ax + b (ax + b) “ (ax + b ) 

P(x) A Bx+C 


+ ...+ 


D 


(ax + b )" 


(ax + b) ■ (cx- + dx + e) ax + b cx~ +dx +e 

Nonce that the number of partial fractions in each expansion is the same as the number of 
factors in the denominator of the original fraction. 































EXAMPLE 


68 

Solution 


tj? 


-—- dx = ? 

J (x-2)(3x + l) 

We begin bv writing the integrand as the sum of partial fractions: 

5x + 7 A B _ 3Ax A A A Bx -2B _ (3A + B)a + (A - 2B) 

(a-2)(3a + 1) a-2 3a-+1 (a -2)(3a 'A 1) ( x -2)(3 x+ 1) 


Solving for A and B gives 
3 A + B = 5 
A - 2B - 7, so 


A = — and B 
7 


16 


and 


5a + 7 


17 


16 


(a-2)(3a+1) 7 (a-2) 7-(3a+1) 


This is the sum. 


f 5 a+ 7 r 17 r 

Now integrate both sides: j (Jf _ 2)(3a , + 1) = [7^2)''** " J 


16 


7 (3x+l) 


- dx 


— ■ In | a; - 2 | - — ■ hi | 3 a : + 11 Ac. 

7 21 


/Vote 

We can also find A and B using the following method: 

5x + 7 A B 

-—- A - 

(x- 2)(3x + l) x - 2 3x + l 

5x+ 7 _ (a - 2) -B 

3a+ 1 3 a A 1 

5-2 + 7 , OB 

-= AA - 

3-2 + 1 3a 1 +1 

which gives A = 

We can use the same method to find B = - —, and then complete the integration as in 

7 

Example 68. 


multiply both sides by (ac - i) 


replace x — 2 (to make x - 2 = 0) 


Integrals 
























EXAMPLE 


69 


2x~ 4- x- 3 


Solution First we factorize the denominator: 

2x ~ 4- x - 3 = (x 1) ■ (2x 4- 3). 


So 


11x4-4 


A B 2Av + 3A+Bx-B (2A + B)x4-(3A -B) , 

+-=-= ----, which pves 

2x' + x-3 


2x i 4-x;^3 x-1 2x4-3 (x-1)(2x4-3) 

2A + B = 11 
3A -B = 4. 

1 lx 4- 4 3 5 

The solution of this system gives A = 3 and B = 5, so we have „ --=-- + - 


2x~ 4- x - 3 x-1 2x + 3 


Now integrate both sides: f_ + ^_ dx - f 3 dx 4- f_— 

J 2x" 4- x - 3 J x - 1 J 2x T 


-dx 


3 ■ In | ac -11 + —In 12 x + 3 | + c 


EXAMPLE 


70 1 


x 4-1 


dx = ? 


Solution Fkctorize the denominator: x 3 - 1 = (x - 1) ■ (x~ 4- x 4- 1). 
This gives 


x 4-1 


x4-1 


fix 4- C Ax' +Ax + A + Bx~ -Bx +Cx -C 


X s -1 


x -1 (x-l)(x^ 4-X4-1) x-1 X'+ X + l 

_ (A + B)x 3 + (A - B +C)x + (A - C) 

~~ x 3 -l 

A 4- B = 0 
A - B 4- C = 1 
A -C = 1. 

2 2 1 

Solving tills svstem gives us A = — B = - —, C — so we have 

3 3 3 


X4- 1 


1 2x4-1 


x -1 3(x-l) 3 X' 4- x 4-1 

Now intepate both sides: f = f —--rix 4- f 

J x 3 -l J 3(x-1) J 


1 2x4-1 


3 X +X4-1 


- dx 


2 _ f 1 2x4-1 

—-In | x-11 + q + J --———— dx. (1) 


3 X' 4- X 4-1 
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We can evaluate the remaining integral using the substitutions 
u - x~ + a 1 + 1 and du - (2a 1 + 1) dx: 

r 1 2 a+ 1 1 rdu It 

J 3 A-+A + 1 3 J u 3 - 


■In | a s 1- a + 1 | + c 2 . (2) 


Combining (1) and (2) gives f A dx = In | ^— 2X +1 -§- c. 

J x -1 X‘ + A + 1 


a - -2x + l m 


EXAMPLE 


71 \ 


Solution 


5a- 1 
(2 a+ 3)" 

5a- 1 


- dx 


B 


(2 a + 3) 2a+ 3 (2a+ 3) 

2A = 5 
3A + B = -1 

5 

Solving this system gives A - — and B 

2 


2 Ax + 3 A + fi 
(2 a+ 3) 2 


17 


so 


dx - f - 

J < 


17 


dx. 


p 5 a- 1 r 5 

J (2a + 3)- j 2 ■ (2a + 3) J 2(2x + 3)~ 

Use the substitutions it - 2a + 3 and du = 2<2x in the second part: 

[ ———^rdx = —In 12 a + 3 | + Cj - — f — u ~~du - —In 12 a + 31 + 

(2 a + 3)^ 4 1 2 J 2 4 


17 


4(2 a +3) 


-+ c. 


EXAMPLE 


72 1 


(<?* +2)(e* -3) 


dx = ? 


Solution hi this problem, the denominator Q( a) is not immediately reducible in f?. First we need to 
change the given expression to a rational function, then bv using partial fractions we will 
be able to evaluate the integral. 

Let u = e x so du = e x dx to give a rational function: 
e* 


du. 


f--- dx - f- - — 

J (e* +2)(c s -3) J (a+ 2) (a-3) 

Now use partial fractions: 

1 A . B _ (Ai- B)u -3A+2B 


& 


A B 

- — - + - 

(u + 2) ( u - 3) u + 2 it - 3 

A + B = 0 
-3A + 2B = 1. 


(u +2) (it -3) 


This gives 


Integrals 



























1 1 

Solving tills system gives us A = -— and B = — i.e. 

5 5 


r du f -i , r 

J 0 + 2)0*-3) J 5(w-l-2) J 5 (u 

So we get the result: 


^ = - —In | u + 2 | + —In | u - 3 | + c. 

3) 5 5 


f--- dx - - —In | e 1 + 2 | + —In | e* - 31 + c — —In | -—| + c 

J +2)(e* - 3) 5 5 5 V+2 


3 - j with deg[P(x)] < deg[Q(x>] 

and Q(x) not reducible in R 

jT 1 „ 

Tile expression —^- dx is given. If A= b~ - 4ac < 0 then we can use the following 

J ax- + bx -tc 

method to evaluate the integral: 

r 1 d x _ r dx _ 1 r dx 

ax" + bx + c ^ (mx + n)" + r 2 r a ^ f mx + n f 

+ 1 


PCx) 


1 r mx + n 1 mx + n 

- — -arctan(-) + c 1 - -arctan(- ) + c : 

i' m r vm r 

1 , mx + n 

or = --arc cot(-) + c*. 

nn t 


EXAMPLE 


73 Evaluate f ——-- 

■+ + 4x + i 


■ dx- 


II 

X 

^3 

f dx 

C dx 

x~ + 4x + 5 

^ x s + 4x + 4 +1 

1 (x + 2)~ +1 


or = -arccot(;r + 2) + c 


4 - with deg[P(x)] > deg[Q(x>] 


In this situation, we first divide the numerator by the denominator, then calculate the 
integrals separately. 
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EXAMPLE 


74 1 


4a~ + 14 a 4- 3 
a~ 4- 3a 1 


dx - ? 


Solutioi We have deg \P(x)\ = deg [Q(a)|, so we divide the numerator bv the denominator: 

4a s 4-14a4-3 A 2a4-3 

4 + 


x~ + 3a 


x~ 4- 3.v 


Integrate both sides: J 


4x~ 4-14a4-3 
a~ 4- 3a 


, r* , f 2 a + 3 , , ? zx~t 

dx- 4 riv + I —-dx = 4jc+c 1 + I —— 

J J x~ + 3a J a - + 


2 a 4- 3 


3a 1 


dx 


We can evaluate the remaining integral using the substitutions 
u - x~ 4- 3 a 1 and du - (2a 4- 3) dx: 


r 2a 4-3 , r du 

— - dx = -= 111 I M 1+ c„ 

J A" 4- 3a J U 


So | 


4a~ 4- 14a4- 3 
A" 4- 3a 


dx = 4a 4- c : 4- In | u | 4- — 4a 4- In | x~ 4- 3a | 4- c. 


EXAMPLE 


75 


C A 3 4- 3a 

J A' +1 


dx - ? 


Sollltioi We have deg |P(a)| > deg |Q(a)|, so we divide the numerator by the denominator: 

a 3 4- 3a 2a 

—--= A + —-. 

A" 4- 1 A" 4~ 1 

Integrate botii sides: f x + ^ lX ^a = [ a dx 4 - f dx — — 4-c : 4 - f f A dx. 

** J A 4-1 J Ja 4-1 2 J A +1 

We can evaluate the remaining integral using the substitutions u = a" + 1 and du - 2a dx t 


. Y 1 ' _I_ Q V v “ 

which give J „ — - - dx = — + c : +ln | u | + c 2 = —+ln(;e 2 + 1) + c. 


7A ta =? 

J a + 2 

Solution 1 We have deg |P(a)| = deg [Q(a)|, so we divide the numerator bv the denominator: 

3a-1_ 3 _ 7 

A 4- 2 A 4- 2 

r 3 a - 1 r 7 

Integrate botii sides: —- dx - (3-) dx = 3a - 71n | a4- 2 14- c. 

J a 4- 2 J a 4- 2 



EXAMPLE 


Integrals 





























Solution 1 We can use normal substitution twice. 

Let u - x + 2 and du = dx. 

This gives x - u - 2, i.e. 3x - 1 = 3(w - 2) - 1 = 3 u - 7. So 
- _1 _7 7 

f—- dx - \ ——- du - f(3 — —) du = 3w-71n | u | + c- 3(x + 2)-71n | x+ 2 | + c 

J x + 2 j it J it 

= 3x-71n|x + 2| + c. 


Check Yourself 9 


Evaluate the integrals. 
' 1 rf.Y 


(y- 1)(y + 2) 
x- +3 


d. f * ^ 

J jc= +1 


dx 


i J4-^- 

J ;xr-16 

Answers 


dx 


1 1 , x - 1 , 

: —In - 4 -c 

3 x + 2 


d. 2arctanx + x + c 

r 15. , x - 4 . 

&■ - 111 - +x+ c 

8 x + 4 


r 2x-l 

b. r- 

J (x + l)(x + 

e. f 3 * ~ 1 

J x 2 -l 

ji. r _iz. 

J x 3 + 


(x + l)(x+ 2) 

3x -1 
r -1 

1- x 


dx 


^ (x + 


x -1 


(x +1) (x - 2) 

1 


dx 


£ _ 

J x“ + 2x T 5 


dx 


i 


e* -2 


dx 


b bln|x + 21 -31n | x + 11 + c c — hi I -——I ---+ c 

9 x + 1 3(x - 2) 

1 x + 1 

e. In |x - 11 + 2 - In |x + 11 + c f. —arc tan (——) + c 

2 2 


1 4 

h —In | x-1 - —In | x + 3 | + c 
3 3 


,3. . x 3x 
1 -In e - 2 - —+ c 
2 2 


D. INTEGRATING RADICAL FUNCTIONS 

The integration of functions of the form J (x) dx, J ™ jf(x ) dx, J ±«" requires the use 
of special methods. Let us look at these methods. 

1. Integrating Simple Radical Functions 

There are many different types of radical function, and we can use different methods to 
integrate them. In this section we will concentrate on radical functions that can be integrated 
easily using the methods we have studied. We call these functions simple radical functions. 

When integrating a simple radical function, we first try to eliminate the radical sign. For this 
reason we use substitutions such as u~ r u 3 t etc. depending on the degree of the root. 

ife 
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EXAMPLE 


77 F 


3x-i-l dx- ? 


Solution To eliminate die root we can substitute ir - 3x T- 1 (x > - —) t so 2 m dM = 3 dx and dx 

3 


Then j ^/ix+1 dx - J <Ju^ 


2 u du r u ■ dM 2 r * 7 2 m 2(3x + 1) - 

-=-=—T u~du=— —+c- 

x j ^ x J 


3 3 


EXAMPLE 


78 jv: 


5x - 2 dx = ? 


Solution To eliminate the third degree root we choose u 3 - Sx - 2, then 

3 ir 


3 u~ du = 5 dx, i.e. dx - - — du. 

5 


So | %j5x- 2 dx - | %Ju 3 ~■ ^— dM = } 


■3m 3 „ 3 m 4 . 3(5x-2) 3 


du 


-+ C : 


20 


T C. 


EXAMPLE 


79 J- 


=dx = ? 


T5 

Solution Let m 2 = x~ T 5 and 2m ■ du = 2i -fh t i.e. xdx = MdM. 
Then 


r x , r m dM f r-s—— 

r dx - _ = dM = M + C = " + b + c. 

J ^+5 J ^ J 


EXAMPLE 


80 J 


4x 


V v -1 


dx = ? 


Solution Let m 2 = x - 1 T (x > 1) so 2 m dM = dx. 

c 4x ■ 2 u 

Substituting gives —- du , so we need to eliminate x. 

J m 

We can do this by writing x in terms of u t i.e. x = u~ + 1 (from die substitution ir 
4x , r 4 (m' Tl) 


Now, f-p^dx= [ ) -2MdM= f 8 (m~ T 


1) du 




8 ■ (—+ m) + c — 8 
3 


f 3 

(x-iy 


+ (x -1)- 


T C. 


_ 2 it du 
3 

T C. 


- X - 1). 
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Check Yourself 10 

Evaluate the integrals. 


a- | Vl+ 4x dx 
d 


j 




Answers 

a. (4.V + 1) 3 ' 


dx 


-+ c 


d, 2^ 


-f-c 


b, | XjAx - 3 dx 


i 


3a 1 


Vx-1 


dx 


c. 

f. 


j 

j 


5a 

V2x 2 + 3 

V* + 1 + 1 
V* + i 


fZx 


dx 


b 5(4^- 3 ) 6/s 

-+ e 

24 

e 2(x + 2)Vx - 1 + c 


c. 5 *]2 a" 4- 3 

--f- c 

2 

f. 2*fx tltA’ + C 


2. Integrals of the Form | Va 2 ± u 2 dx or J J? ± a 2 dx 

We can evaluate integrals of this kind bv using trigonometric substitution. 

We begin by drawing a right triangle and labeling the sides a , u f and \!a~ ± u~ or «Ju~ ± a~ * 
then we integrate the resulting trigonometric expression. 


EXAMPLE 


81 


Solution 

CC CCC 

Trigonometric Ratios 


in flight Triangle 



u 


a 

COS Of = — 


b 

sin a = — 
c 

b 

tan of = — 
a 


| Vl- A~ dx - ? 

Look at the figure. 

Let sin a = x\ then 
cos a da - dx, 
a = arcsinx. 

Then j ^1 - x" dx - j >/l - sin" acos a da 

r n , rl + cos2a , 

- J cos - a da - J--- da 



| da + —| cos 2 a r/a = 


a 1 1 . 

—4--sm2 a+ c 

2 2 2 


a 1 _ 

—4- — ■ 2 ■ sma-cos a+ c = 
2 4 


arcsm a 1 r-— 

-4- — x ■ yl — x“ + c. 

2 2 
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EXAMPLE 


r^ZZ„« =? 

J y 


Solution Look at the figure. Let 2x = sec a then 2 dx = tail a - sec a da and a = arcsec 2x, so 


rV4x~-l , rVsec'a-1 tanasecof , 

J-- dx = j---da 


sec a 


J tan a ■ tan a da = J tan ~ a da 

|(tan" a+1-1) da 

J (tan “ a+ 1 ) da-Jda 

tana - a+ c- V4x~ ~ 1 - arcsec 2 x+ c 



EXAMPLE 


83 I 


x 2 ■ ^9 + 4x" 


dx = ? 


2 x 


Solution Let — = tan a, so 
3 


x - —tan a, 

2 


7 3da 

dx --—. Then 

2 cos~ a 


r_ dx - r 

x' ■ sj9 + 4x" 


3d a 


n 9 fl j 9 
2 ■ cos' a — tan" a ■ J9 -I-4 — tail" a 
4 V 4 

3da 


-cos - a ■tan 


r a- 3 ■ Jl 


+ taii“ a 


2da 


2 r cos a , 
—-— da. 

J i 


J * sin - of 1 9 J sin - of 

9 cos" of-*- 

cos - of cos a 

Now use the substitutions u — sin a and du = cos a da: 



2 f cos a , 2 r du 

— —s— da = — 

9 J sin - of Q J 




9 J ir 9u 

2 ■ -^9 + 4x" 
9 ■ 2x 


-+C : 


-+ C 


T C 


9 sin of 
V9 + 4x~ 


9x 


■+ o. 
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Check Yourself 11 

Evaluate the integrals. 


a. | ^9 - x" dx 

Answers 

9 

a — arcsm(—) 
2 3 



+ c 


b. 


b. 


r_ _ _ 

■^9 - x~ 


x 

arcsinf—) 
3 


dx 


-I- c 


r_ — 


a/9x -f- 4 
V9x' + 4 


dx 


+ c 


E. INTEGRATING TRIGONOMETRIC FUNCTIONS 

Let us now turn our attention to methods for evaluating the integral of complex trigonometric 
expressions. In this section, we will use the following basic identities: 

J sin x dx = - cos x + c 

| cosx dx = sm v + c 

r , r sin X, . . . . . 1 . 

tan x dx — - dx - -in | cos x \ + c = In |-1 + c. 

J J cosx cosx 

1. Integrals of the Form jsin m x cos n x dx (m, n e N) 

Case 1: m and n are both odd numbers 

Let m - 2k +- 1 and n = 2t +■ 1, then we can write the integral as Jsin~* +1 x ■ cos"' x ■ cos x dx. 
Using the substitutions it = sm x, du - cosx dx and cos^x = (1 - siirx)* we can evaluate 
the integral. 

Alternatively we can write j cos' f+I x- sin'* xsinx dx and use the substitutions 
u - cosx, du = -smx dx and srrv^x = (I - cos~x)\ 


EXAMPLE 


84 Evaluate jcos' 


x sm x dx. 


Solution 


|cos 7 x ■ sin 3 x dx: = |cos 7 x ■ sin 2 x ■ sin x dx = jcos 7 x ■ (1 
Use the substitutions u = cosx and du = - smx dx, then 

|cos 7 x■ sin 3 x dx = -Jm 7 (1 - u ~) du = j (it 9 -u 7 ) du = — 


- cos" x) sin x dx 


u * cos 10 X 

—+ c — - 

8 10 


COS* X 

-+ c. 

8 
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Case 2: one of m or n is odd 

In tills situation we reduce tile odd power bv one bv writing, for example, 
sin 7 x = sin 6 x ■ siiiA t or cos 3 a = cos" a ■ cos a. 

Then we can use the substitution u = sin a or u = cos a to evaluate the integral as described 
in Case 1. 


EXAMPLE 


85 


Evaluate jsin 6 a ■ cos 3 x dx. 


Solution 


| sin 6 a ■ cos 3 a 1 dx - J sin 6 x ■ cos 2 a: ■ cos a 1 dx = J sin 6 x ■ (1 - sin" a) ■ cos a dx 
Use the substitutions u — sm x and dit — cos a dx: 

r . 6 o t r & „ ^ , r e ^ , « 7 u 9 sin 7 a sin 9 a 

sm a■ cos a dx — a (1 - u~) du - (u -u ) du = — - —+ c = ---+ c. 

J J J 7 9 7 9 


Case 3: m and n are both even numbers 


In this situation, we use the following identities to evaluate the integral. 


. c 1 -cos2a 

snr a =- 

2 


o 1 +cos 2 a 

COS" A = - 

2 


EXAMPLE 


86 Evaluate j 


stir a ■ cos - a dx. 


Solution J snr a ■ cos" x dx = J 


1-cos2a 1+cos2a 


2 2 4 

1 fl-COS4A 


— f stir 2a dx = — [- 

4 J 4 J 


If 

dx - —J (1 -cos" 2 a) dx 

— f dx - — f 

r J r j 


dx 


8 


cos4 a dx 


t§? 


All 4 A sill 4 a 

— --sm 4 a + c - — --+ c, 

8 8 4 8 32 
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2 . 


Integrals of the Form ) sin mx cos nx dx, 
sin mx sin nx dx or cos mx cos nx dx 


To evaluate these types of integral we use the following inverse conversion identities: 


sin a- shift = [cos(a T ft) - cos (a -ft)] 
2 


sin a cos ft = 

COStf CGSjft = 


1 

—[sin (a T ft) T sin (a -ft) ] 
2 

—[cos(<7 T ft) T cos (a -ft) ]. 
2 


EXAMPLE 


87 | sin 3 a ■ cqs9a dx - ? 

1 1 

olution Jsin3Acos9A dx = J — [sinl2xTsin( -6x)] dx- —J(sinl2x -sin6 a) dx 


2 

11 , ^ 11 ^ cos!2 a cos6 x 

- cos12aT - cos6aT c - - -T-T c 

2 12 2 6 24 12 


EXAMPLE 


88 1 cqs6acqs2x dx- ? 

Jcos6xcos2x dx = J — [cos8 aTcqs4x] dx- — J(cos8 xTcos4 a) dx 


2 ' 

1 1 . „ 11 , sin 8 a: sin 4 a 1 

- Sill 8 X T-Sill 4 A T C - -T-T C 

2 8 2 4 16 8 
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Evaluate the integrals. 


a | sm 3 x ■ cos .v dx 

b. 

J Sill 4 A ■ cos 3 A dx 

c - J 

Sill 4 A ■ COS 4 A dx 

d Jcos2.t-cos.y dx 

e. 

Jcos4A sin5x dx 

f - J 

sin 3 a sin 5 a dx 

Answers 





a Sill* X 

ct . _L 

j sin 3 A 

2 sin 7 a sin 9 a 

+ Tc 

c. 3 * 

sin 4 a sin 8 a 

— T 

- 1 l 

4 

5 

7 9 

128 

128 1024 


-tc 


. sin 3 a sin a 
d. -T--he 


cos9 a cos a 

e ---+ c 

18 2 


_ sin 2 a sin 8 a 

t ---+c 

4 16 
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3. Substituting t = tan — 


This approach is possible for integrands containing only the first power of sinx and/or cosx. 

x 

Look at the steps for deriving the identities provided by f = tailC—): 

x 2 

tail —= t =>x = 2 arctan t, i.e. dx = -- dt. 

2 l + r 

X t X i 

From the figure, sin —= . and cos—= . 

2 ^77 2 ^77 


Simplifying these expressions gives us 

t 

■cos — = z ■ — 

2 


0 . x x 0 

sm x = 2 ■ sin — ■ cos — = 2 


2f 


0 ^ 

cosx = cos - -— sm 

2 2 


2 Vi+r 1 + 

, * l r l-r 


l+r l + r l+r 

So we have the following result: 




EXAMPLE 


89 J 


sinx 

1+ cosx 


dx = ? 


So; iition Substitute the identities from t = tan(—) 

2 


2t 2 df 

4f df 


f * rir - [l + r 1+ t Q _ 

r (i+r-)(i+r-) _ 

j- 2f df 

^ 1+ cosx J j + l- r 

l+r 

1 2 
i+r 

1 i+r' 


Now we can use the substitutions u = 1 + r and du - 2 1 dt: 



2 1 dt r du T , , , T „ 

-— = — = hi | it | + c = ln(l + t ) + c = hi(1 + tan _ —) + c 

ITT J it 2 


Integrals 








































EXAMPLE 


9 0 J 


sin x +1 


dx = ? 


Solution Substitute the identities from t - tan(—) 

2 


f —-— dx = r 

J sin x-tl J 


2 dt 
1+f- 


2 At 
l + f 


2 f 


-+1 


r l+r r z * 
J r +2f + l J (t + 


2 dt 


(t + 1)- 


l+t J 1 + r 

Substituting zt. = 1 + f and (In - dt gives 


r 2df f2du n c _n 

I"' 


dit = -—-he = -- 

u 1-hf 


-he - 


1 -I- tan 


--he. 


EXAMPLE 


91 J 


dx 


1+ Sill A 1 - COS X 


Solution Substitute the identities from t = tan(—) 

2 

2 dt 


f -1 

[ 1+fS -i 

r 2 df -1 

[ 2dt -i 

■ df _ r 

* 1+ sin a - cos a J 

2t 1-f- J 

1 l + r + 2t -1 + t s J 

1 2f - + 2t J 

t 2 + f “J 


dt 


t(t + l) 


1+ r 1 + f 
Now we can use method of partial fractions: 

1 _ A ^ B _ At + A+Bt _ (A+B)t + A 


t(t-hl) f f-hl f(f-t-l) 
That gives A = 1 and B = -1. 


f(t + l) 


r dt 

rdt 

r dt 

J t(f + l) 

J f 

J f + 1 


In 


tan 


tan —+1 

2 


+ e. 


Check Yourself 13 

Evaluate the integrals. 

r 1- sin X , r cos a* 7 

- dx b. - dx 

J 1 + cos x J 1+ sin a: 

Answers 

2 


a tan — In 

2 


1+ COS A 


. fl-COSA , 
C- - dA 

J 1 + COSA 


. r dx 

d. - 

J 1 - sin a 


-tc b. In (sill x + 1)+ e c. 2 tan—— a- he d, 

2 


1 - tan 


-he 
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Gottfried Leibniz (1646-1716) 

Gottfried Leibniz (pronounced libe-nit$') was born in Leipzig (now in Germany) in 
1646. His father was a professor of philosophy in 
Leipzig. Unfortunately, Leibniz's father died when 
Leibniz was six years old, so he was brought up by 
his mother. 

At school , Gottfried learned Latin and Greek , and 
also studied philosophy metaphysics and theology. 

When he was fourteen, he went to Leipzig University 
and studied philosophy and mathematics for two 
years before beginning to study law. 

In 1672 Leibniz went to Paris and studied 
mathematics and physics. During this time he made 
some discoveries concerning the sum of a series. 

Leibniz visited London a year later ; and became a mem ber of the Royal Society. 

When Leibniz returned to Paris he began studying calculus. At that time he was still 
tiding to develop the calculus notation , so his papers and calculations were sometimes 
difficult to read. However, in 1675, Leibniz wrote a paper that used the J f(x) dx 
notation for the first time. In the same paper he described the product rule for 
differentiation, and the power rule. 

At around this time, Isaac Newton sent a letter to Leibniz which explained some of 
Newton*s results, although he did not describe his methods. Leibniz replied by 
describing his own results. Unfortunately, Leibnizes letter did not reach Newton for a 
tong time, and Newton decided that Leibniz had stolen his methods. This resulted in 
many arguments between the two scientists. However, today we can say that Leibnitz 
and Newton discovered the same rules of calculus independently. 

Leibniz's other importa nt achievements in mathematics include the development of a 
binary system of arithmetic, and his work on determinants. In J684 he wrote a paper 
on calculus whose working showed the efficiency of his integral notation. Leibniz also 
published papers on dynamics and philosophy. 

Leibniz died on 14 November 1716 in Ha nnover, Germany: His findings continued to 
influence the work of many of the mathematicians, philosophers and physicists who 
followed him. Today we can see that his calculus notation and methods are just as 
important as Newton's methods t and for this reason, Leibniz is remembered as one of 
the two founding fathers of differential and integral calculus. 







EXERCISES 1.2 


A. Integration by Substitution 

1L Evaluate the integrals using the substitution 


method. 


integration by parts. 



r 1 

. f COS 71! _ 




a. 

-dx 

b. dx 

a. 

IV x dx 

b. Jx" e x dx 


J x - 3 

J X 


J 


c. 

l^rdx 

d. f—-—dx 

c. 

f x 3 ■ e x dx 

d. fx sinxdx 


J X" 

J 3x +1 


J 

J 

e. 

Jsin(4x +1) dx 


e. 

\y ,lx 

f. jarccosx dx 

f. 

J(l+x s + x 3 )*- 

(2x+ 3x“) dx 







£ 

jln(x+5) dx 

i —• 

o 

OR 

H 

Sv 

H 

£ 

J(l-x*) 7 x dx 

h. jx cos(x 3 -5) dx 




i. 

f--- dr 

j. |V ni ■ cosx dx 

i. 

j arc cot x dx 

©j. |cos(ln *) dx 


J Vl-16* 2 





iL 

r COSX 

L . „ dx 

1- fx- <Jl-tx~ dx 

GOk. 

J sin' x ■ e 1 * dx 



J 1+ snr x 

J 




m. 

}(* 4 +*-)■ (2 * 3 

+ x) dx 

C. Integrating Partial 

1 Fractions 


% Evaluate the integrals using the substitution 
method. 


a. Jar-cos x~ dx 
rlnx 

c. -dx 

J v 


b. Jxsin(5x' + 7) dx 
d. J cot x dx 


J; 


(1-3*) 


- dx 


f. \ e — e 

J g.v + 

h - J s/ — 

J vcosx 


e 

sin x 


dx 


dx 


oi. f A dx 
J Vsx -1 


B. Integration by Parts 

3, Evaluate the integrals using the method of 


f —-— dx 

J 2x +1 

f x 4 + 2x~ + x , 

J—^— dx 


b.f_^ 

J (3x + 


(3x + 1) 


dx 


d. f 2A ' + 1 dx 
J x~ + x - 1 


f 7x - 6 

e —* - 

J 3x' - 4x +1 

f 1 

£■ J-—t— 

J x"+4x + 


dx 


dx 


4x _ -§-5x + 4 


+ . (■ 4X i- OX 

J x- + 1 


dx 


h. J— 

J (x + J 


dx 


(x +1) 3 

j ^ 3x+1 

J (x + l)(x+2) 

k. f 2 * -1 dv 1. f_1_ 

J ;r -1 J + 8* + 15 


r *-l , 

3- J—— -- dx 

J Y- 


x~ - 2x - 3 


dx 
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1-X 


rX~ + 3 a -1 , 
in. I —- dx 


I 


<*-i r 

liar +5a+12 
(a 1 — 1) (a~ + a + 2) 


r 1 — A 

n. -- 

J (1 + a) 

dx op- { 


dx 

(1+ a) 

a" + 2a + 2 


A -1 


dx 


r 3 a 4 16a 3 + 19X th -5a - 4 _ 

O c l J-;-—--- dx 


° r - f- 

J (a + 


a 3 - 4a" + 1 
2a + 3 

dx 


r dx 

Q* - 

J 1- 4a +A 


(a + 1)(a l +2) 
xdx 


C XilX 

©*■ - T 

J 3 + A 4 

D. Integrating Radical Functions 

5. Evaluate the integral of each radical function. 

a - | *Jbx -1 dx b | - a dx 


J A ■ Vl + A- 


rfA 


f A 

e to 

g. | Vl + a: dA 


dA 


d. J^/aTT dA 

j- r 5 a 
^ V^a" + 3 


dA 


h. 

j 3/TT 


3 ii+? 


dA 




V-V - 2 

6, Evaluate the integral of each radical function. 

a. - ' dx 


jl- 4 A dA 


b - J 


Vi - A" 


JT7r4 


Vl + -v 2 


dx 


d. [ A - dx 

J Vl6x-+1 


f Vl6x 2 -9 , 
Oe. -dx 

J v 


Gg- 


Oi. 


& 


| V^A' + 1 dA 
dA 

Va s - 9 


f. j Vl6 - 9 a~ dx 
©h. | Vv“ - 9 dA 


j 


E. Integrating Trigonometric 
Functions 

7. Evaluate the integral of each trigonometric 
function. 

a. | sin" a ■ cos a dA b. j sin a ■ cos a dA 
c. J c os 3 x ■ sin a x dx d. J cos' x ■ sin x dx 

e. | sin 3 a ■ cos 3 x dx f. j sin 4 a ■ cos 3 a dA 

g. |cos 4 a ■ sin 3 a dv h . | cos4 a ■ cos3 a dA 

i. J sin a x ■ cos 7 x dx j J sin 3 a ■ cos 4 a dA 

h. | sin 7 a ■ sin 5 a dx 1 j sin 3 a ■ cos 8 a dA 

in. | c os 2 a ■ sin 4 a dA n . j cos5a ■ sin a d v 
0 . J C OS A ■ cos 4 a dA Q P . J Sill 6 A ■ COS 6 A dA 


8, Evaluate the integral of each function bv using 

A 

the substitution t = tan —■ 


a [ dx 

b. [--- dx 

; tan a + sin a 

c. f —— dA 
J sin a 

, r 3 sin a , 

d. - dx 

J 1- cos A 


©e. 


r 1 + sin a , 

-dA 

J 1-sinA 
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CHAPTER SUMMARY 


If F(x) is a function such that P'(x') = /(x) then F(x) is 
called the primitive of the function /(as) and the expie ssion 
F(x) + c is called the indefinite Integral of f(x). 

In every indefinite integral we must use the constant of 
integration. 

Properties ©t’ (he In definite Integral 
1 dj f(x) dx = f(x) dx 

A-J f(x) dx = J -^f(x) dx = f(x) 

CXA CIA 

3 JdF(x) = F(x)-bc 

4 |a ■ /(x) dx = a ■ J f{x) dx for a EB 

J [f(x) ± gix)] dx = J f(x) dx ± J g(x ) dx 

Basic Integration Formulas 

J a f x"dx - - -“b Cj 71 ^ -1 

J n +1 

b- J a dx = ax + c for a £H 
■ a f— dr = In | x | + c 

/ -y 


h ?u(x)dx n . 

—-—=-ln «(*) 

J a(x) 

3 a JV da ' = e x -be 

b f a x dx = ——+ c 
J In a 

lifl^ 

c Ja ufx3 dx 


+ c 


—be 


a'(x)lna 
4 a Jsin x dx = - cos x-bc 

b. J cos x dx = sin x + c 

c f ——— dx = f sec 1 x dx = f(l + tan 1 x) dx = tan x-bc 

J CQS J X J J 

d [ —-—dx = fcsc^ x dx = [(1 + cot 1 x) dx=-cot x + c 
J sin x J j 

e - f ^ dx = arcsin x -b c L = -arccos x+ c s 
Vi - x 1 


J-L_ 

J 1-bx 1 


dx = arctan x 4- c, = -arccot x-b c n 


Integration Methods 

1 Integration by substitution: 

Let jT(u) and u(x) be two functions which are 
differentiable with respect to u and x T respectively 
Then J/(a(x)) ■ z/(x)dx = P(o.(x)) + c. 

- In te gra tion by p ar t s: 

Let u = f(x) and v = g(x) be two differentiable functions 
with respect to x T then ju jf dx = u -v -jv it' dx 
In te gra ting par tia 1 frac ti on s: 

a f ——^dx with deg(P(x» = deg(Q(x)) 1 

J Q(x) 

For integrals of this type, use the substitution 
u = Q(x) and try to find du in terms of P(x)dx. After 
this, try to find the answer 

- p( x') 

b. J — j -— dx with deg(P(x)) < deg(Q(x)) and Q(x) 
wt. a -) 

reducible in B 

In this case, if Q(x) is linear (degree 1) then we can 
evaluate the integral easily using the formula 

f—dx = in | u | + c. However, if deg(Q(x)) > 1 we 

J u 

begin by trying to write the given expression as the 
sum or difference of two or more partial fractions. 
The rules for doing this are given below. 

_ P(.v) A | B 

(ax -b b) -(ex + d) ax + h cx + d 


P(x) 


A E 

-+- 


(ax + h) 11 ax +b (ax + b ) 
P(x) _ A 


-+...+ - 


(ax+b) H 
Ex + C 


(ax -b b) ■ (cx^ + dx -b e ) ax + b cx J -b dx + e 

c TV xO 

c. f—— dx with deg(F(x» < deg(Q(x)) and Q(x) not 
^ Q(x) 


reducible in B. 

dx 


Given f 

J ax 2 -b^x +c' 

_=lr 

J n r -I- h r -l-r r J J 


if A = t 1 - 4ac < 0 then use: 
dx 


77ZX + 71 


+ 1 


1 777 X + n v 

: -arctan(-) + c 

7777 r 


































d \^—^dx with deg (P(») > deg (Q(ac)) 

J G» 

In this situation, first divide the numerator by the 
denominator then calculate the integrals separately 
4 Integrating radical functions 

a Simple radical functions 
To integrate this type of function, try to eliminate the 
radical sign. To do this, we use substitutions such as 
u\ ll 3 , etc. depending on the degree of the root. 

b. Integrals of the form J yja 2 ±u 2 dx or J ± CL 2 dx 
Use trigonometric substitution. Begin by drawing a 
li ght tria ngle and lab eling the sides as a, u and 
'Ja 2 ± u 2 or \ju 2 ± a 2 , then integrate the resulting 
trigonometric expression. 

In t e gr a ting t hgon ome th c fu n c tions 
a Integrals of the form Jsin" x ■ cos™ x dx 
>-If m and n are both odd numbers. First write the 
given expression as Jsin 2M+1 x - cos 2 " x cos x dx 

then use the substitutions u = sin x and 

, l+eos2x _ . , 

cos x = (---) to evaluate the integral. 

s*Tf one of m and n is odd; 

Change the term with an odd power to an equivalent 
term with an even power, then use the substitution 
u = sin x or u = cos x to evaluate the integral. 


>-If m and n are both even 
Use the identities sin 2 x = 


l-cos2x 


and cos" a’ = 1 + C ° &ZA evaluate the integral. 

b. Integrals of the form J sin mx ■ cos nx dx , 

| sin mx ■ sin nx dx , or J cos mx ■ cos nx dx 

To solve this type of integral, use the inverse 
conversion formulas. 

sin a ■ sin b = - — [cos( a + b)- cos( a - b) ] 


sin a- cosb = — [sin(a-b F) + sin( a - £?)] 
cos a ■ c os b = —[cos( a + fc) + cos( a — b ) ] 



c. Integrals containing first only the first power of sinr 
and/or cosr. 

Use the substitution t = tan — as result of which we 

2 

have 

21 1-f J 2 dt 

sm x = -— , cos x = -— } dx = -— 

1 + t 2 1 + t 2 1 + t 2 


Concept Check 


• What is the relation between the derivative and the 
integral of a function? 

• What is the primitive of a function? 

• Why do we need to add a constant c when calculating the 
indefinite integral of a function? 

• Why do we need to write 'dx 1 when we integrate a function? 

• Can we integrate a function with respect to a variable other 
than x ? 

• What are the properties of the indefinite integral? 

• Is there a function whose integral is the same function? 

• Can we directly integrate trigonometric functions? 

• Can we get different answers when we integrate a function 
by two different methods? If so, which answer is correct? 

• What are the main methods of integration? 

• What is the substitution method of integration? 

• In the method of integration by parts, what is a good rule 
for selecting u and v'l 

• Describe a method for integrating a rational function if 
the degree of the numerator is greater than the degree of 
the denominator. 

% How can we use trigonometric substitution to integrate a 
radical function? 

% Describe a method for integrating a trigonome the function 
of the form j sm a m x ■ cos 13 ^ dx if m and n are both even. 

• How can the substitution t = taT1 x help to evaluate an 
integral? 

• If we cannot integrate a function by using the basic 
integration formulas, which rules we can use ? 


Integrals 


















1. If / (a) - j(>r -a 4- 3) dx then what is/' (2>? 

o 90 

A) 1 B) 3 C) - D) _ E) 5 

3 3 


5. /'(a) = 3 a" 4- 2a + 4 and/(l) = 3 are given. What 
is/(3>? 

A) 7 B) 6 C) i D) 27 E) 45 
3 


2. | (3a" 4- 4a: - 5) dx - ? 

A) A’ 3 4- x~ - 5a B) a 3 4- 2a" - 5a 4- c 

C) 3a 3 4- 4a* - 5a -I- c D) 6a - 4 4- c 
E) 3a 3 4a-" 5a + c 


3. /(a) = f A dx is given. Fmd/(4) if the 
J VA 

constant of the integration is 0. 

9 17 8 

A) 1 B) 2 C) - D) — E) — 
2 3 15 


4, What is the primitive of the function 

2 

/(a) = 5a" + 3a —? 

A 

5a 3 3a 3 2 

A) - 4- - 4--4-C 

3 2a 


P v 4 a 3 3a~ 2 

--I---4-c 

3 2 xr 

C) —+ ——2In| a: | + c 
3 2 


D) 10A + 3 + —+ C 
xr 


E) 5a _ 4- 3a - + c 

x 


C hupter Rrt teu Tut 1a 


6, What is the primitive of the function 
/(a) = 3 cos a - 4 sin a? 

A) 3 sin a 4- 4 cos a 4- c 

B) 3shiA - 4 cosa 4- c 

C) -3 sin a - 4 cosa 4- c 

D) -3 sin a 4- 4 cosa 4- c 

E) 3 C0S a _2 sin 2x 4- c 

2 


7 - J 


2 + A 


dx = ? 


-ln|*| + c 


—in 12 + x | 


E) 


3 In 12 

1 3 

+ c D) -ln- 

2 a 

3 

-4- € 

111 | 2 4- A | 


+ A- | + C 

4- C 


8* |(cot“A4-1) dx - ? 

A) -cot A 4- C B ) cot A 4- C 


C ) sill A 4- C 


E) 


cot 3 A 


D ) tan a 4- c 
4-A 4-C 


if? 

V 
















9„ | cot a dx - ? 

In | sin x | A c bi | cos a 1 | A c 

C) -cot 2a A c B \ sec 2a A c 

E) -esc 2x A c 


10* JaxccosA dx — ? 

A) x aiccosA A x A c 
B ) a aiccosA A A c 

C aiccosA A AarccosA; A c 
D) a aiccosA - ^l—x~ A c 
E ) X aiccosA A Vl + a 9 + c 


il r -?—dx = ? 

J 3a Al 

A j 51n |3a A 11 A c 
C) ISbi |3x A 1| Ac In | 3a -I- 11 Ec 

3 In |3x A 11 A c 


— In | 3a: A 11 Ac 

kJ 


12, |(cos2x—3) dx 


Sill 2 A 1 

A) -Ac 


sin 2 a: „ 

E) -3x A c 


C ) 2 sinx A c 


D) 2 cosx A c 


_ c os 2 A 1 
E) —-ii + 




13, 19 ■ sin 9 a: ■ cos x dx — ? 


sin 10 a 1 

A) -Ac 

10 


9 sin 10 x 
-1c 


10 


cos 10 A 1 

i -Ac 

10 

9 COS 10 A" 

D) -Ac 


10 


9 sin 10 x- cos 5 x 

-i -c 

20 


14. f 4 ' v ~ 1 

J 2x" - x AS 


dx - ? 


A) 3 ■ In (a 1 - S) A c 

E 2 ■ In | x A 21 A 3 ■ In | x - 51 + c 


C) 


4x A1 


-Ac 


D) 


-Ac 


4x -1 

E ) In (2a: 9 — a A 5) A c 
15, Jcos4x- cos2a: dx-? 


cos 4 a: cos 2 a 

A ) --I--A c 


sin 4 a :■ sin 2 ac 
B) -Ac 


C) 


cos6x cos2x 


12 


A c 


sin 6 x sin 2 a 1 


12 


-Ac 


COS a: S1I1X 

E) -+-Ac 


16* | cos" A 1 dx - ? 


snr a" 

-A c 

2 

cos 3 X 

U -Ac 


T A" sin 2 a: 

B) -A-Ac 

2 4 


D) cos a: A c 


Tn . A" COS 2 A 

E) -A-Ac 

2 4 


Iritmpuh 

































1. /(x) = | d(x +1) and/(l) = 2 are given. What is 

/( 2 )? 


A) 0 


B) 1 


C) 2 


D) 3 


E) -2 


2. J 


a 3 4- 4a - 3a 


dx = ? 


A) — 4-4a - 3 + c 
2 

a 4 4x 3 3 a" 

T T"T 


C) 


A 

y 


T — + 4a-31ii|x| 4-c 
2 1 1 


4-c D) x 4- 4 - —4-c 

A 


E) a 3 4- 4a“ - 3a 


3- J 


/'(*) 


dx = ? 


/(*) 

A) f~(x) + c B)/(.r:) + c 

ln|/(x)| + c -In (f'(x)) + c 

E)/-(x) 


■/(*) 
x 

What is/(l>? 


4. f Ar^- dx = + 4.v E + 5 jc - 1 

J 


A) -7 


B) 3 


C ) -2 


is given. 


D) 16 


E) 20 


5. j(A- + 4 a) 5 ■ (a + 2) dx = ? 


A) 


C) 


(a" 4- 4 a)' 


(a- + 4 a) 1 


E) 


-+ C 

B) 

4- C 

D) 

A 3 

Y ( -& 

A 


(a~ 4-4a) 6 

12 

2a 4- 4 
-4-c 


4- c 


-+ A" 


-+ A 


- + C 


MY 


2^/x 


rfA = ? 


— 4-c 
2a 


B) 4x + c 


C) ^ 

2 


^ x*Jx 
D) 4-c 


E) 


3^a 


4-c 


7. | Sill 3 a rfx = ? 


A) cos 3 a 4- c 


C) —cos 3a -t c 
3 


B) — sin 3 a 4- c 

iJ 


D) sin 3 a 4- c 


E) 0 


t (Ham x) 

^ sill A 

A) sin a + c E) cos a 4- c 

In | sin a | 4- € -In | cos a | + c 

E) 111 I COS A I 4- c 




(. haptw Rmteu. T&t is 


























9„ Jxsinx dx - ? 

A) x cos a 1 -I- sin a 1 4- c B) a cos a - sin a 4- c 
C) x s cqsx 4- x sin x 4- c D) -xcQsx + shia + c 
E) a; cos a 1 - sin a + c 

10. JV cos xdx — 7 
e x 

A) — ■ (c os a + sin x) + c 
2 

B) AarccosA -4- - x~ 4- c 

C) arccosA + AarccosA 4- c 

D) sec 2 a 4- c 

E) AarccosA -4 *Jl + a^ 4- c 


n. J 


1 

A" 4- 2a 4- 2 


dx = ? 


13. | sin 2 a ■ cos 4 a dx 


c os 2 a cos6a 

A) ---+ c 

4 12 


sin2x- cos 6 a 

B) -+c 

12 

sur 2 a cos 4 4a 

C) -+-1 -c 


s1ii6a cos2a 

D) ---+ c 


cos 2 a - 2 sin 4a 
-+ c 


14. | a" ■ /(a) dx = 5a 4 -I- 2a' -1 is given. What is/(x)? 
4 

A) 20 a -I- — B) 20a + 4a 1- c 

x 

C) _ - 2a H- c D) 5a- 4- 2 + c 

3 

^ 2 

E) — + 5a 4- c 
x 


A) aictan (a - 1) 4- c B) arctan (a + 1) 4- c 

arccot (a + 1) + c In |x" 4- 2a + 21 + c 
E ) 2 In | a 4- 11 4- c 


15. |4-e +I+4 dx = ? 


A) e 4x+A 4- c 

B) 4e 4 ** 1 + c 

4-x+l 


C) +c 

D) 4e iz+3 + c 

4 



E) e 4 


4- c 


12, J Sill 3 A ■ cos 3 A dx = ? 


A) 15SHl“ACOS A 4- c 


sm A COS A 

C) --+ 4 -c 


B) 8 sin "a + 8cos 4 x 4- c 


COS* A cos 6 A 
D) —---4 -c 


sin 7 a sin 5 a 
E) ---4he 


16. j 


cos (hi a) 


dx 


A) Sill A 4- C 
C) cos (hi A ) 4- € 


B) COS A 4- C 
D) sin (In a ) 4- c 


7 


5 


E ) cos (sin a ) 4 - c 
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2a 


Q v JV*a" dx - ? 


A) e 2 * + x 3 + c 


B) 

u 

x~e 

2xe 2 * 

3 

9 

C) 

AC 31 A V* 

4L 

3 

9 

D) 

c 3 * 

-+ 

3 

A 3 

-Hr C 

3 

E) 

c 3i a s 

- 6xe 2 * 

3 


2e 2x 

■+-i -c 

27 


„3 3x 

x e 

+-+ c 


27 


10, | x 3 In x dx = ? 


a “In a x 
A) - A-4-c 

3 9 

a 4 In a a 4 
C) -- —Ac 

4 16 


t-, x lii x x~ In a 

B) --h- Ac 


D) 


x 

A—Ac 
16 


^ x hi x x 

E) -+ —Ac 

4 16 


u. fAArfjr 

if 


* 3 + l 


111 | a 3 A 11 + c 
x + 1 

B ) 111 —-- + € 

A“ - X 4 -1 

In (| x A 11 3 1 x~ - x A 11") 4- c 

—In | x 2 +11 + c 
4 

F , l t . XT - X 1 +1 b 

—In —- + c 

3 x z +2X+1 


12, f „ 3 ' v + 1 dx = ? 

J + 3a-4 

> In | x A 41 + In | x — 11 + c 

„ , x-t 4 

E In - + € 

x - 1 

In(| x + 4 j 11 ( a -1) 4 ) + c 
5 

1ii(|a + 4\ n (x - l) 4 ) + c 
In | x~ A 3a 1 - 4 1 4- c 


*!h 


13. } 


7T- 


dx 


A ) In 11 - at | + c 

C) -2*Jl-x~ 4-c 


B) aicsinA + c 
D) 2<Jl~ x~ 4-c 


—In |1 -a s | + c 
2 


14. j 


1 - C OS A 1 


Sill " X 


dx = ? 


A) 2tan— +C 
2 


B) tan — 
2 


x x 

C) 2tan—+2sm —+ c D) sin a + cos a 4- c 

2 2 


. X X 

sin —-t-cos — 4-c 
2 2 


15, | cos (cos x) sin 2 x dx — ? 

A) cos A’ + c 

B ) sin (cos a) -I- cos(siiiA) 4- c 
C ) sin a + c 

D) sin(cosA) +cos(sinA) + c 

E) -2 (cos(cos a) -I- cos a sin (cos a)) 4- c 


16. jV(x-l) dx — ? 

A) e*(x - 1) 4- c B ) e x (x A 1) + c 

C) xe* A e* A c D) e*{e* + 1) + c 

E) e x (x - 2) i - c 


Ifitsirm/i 




































































































A. DEFINITION OF THE DEFINITE INTEGRAL 


Definition 


Let /(x) be a continuous function defined on an interval |a, h\. Then the area between the 
graph of f(x) and the x-axis is called the definite integral of/(x) betwen a and h. 



For example, in die figure opposite, die shaded area A 
shows the definite integral of/(x) on the interval \a , b \. 

b 

We can write this expression as A = J/(x) dx. 


THE DEFINITE INTEGRAL 




Note 

If the graph is below the x-axis then its integral will 

be negative. However, area is a positive quail tit v so 

£ 

we reverse the sign: A = -j"/(x) dx. 

a 

We sav that the definite integral can be negative but 
the area is always positive. 



Note 

If part of the graph is below the x-axis and part of the 
graph is above the x-axis then the integral will be the 
algebraic sum of the areas. 

hi the figure, all of the areas A, B, C are positive 

b 

numbers, so |/(x) dx = A-B + C. 
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Note 

For linear functions we can use geometric methods (by finding the area of a triangle) to 
calculate the area under a curve. 


EXAMPLE 


i 


Find the area of the region between the graph of ij - 3x and the a- axis on the interval |0, 4|. 


Solution 


The shaded area is 


r 1 

= J 3x dx - — ■ 4 12 = 24 square units, by the 


formula for the area of a triangle. 



EXAMPLE 


2 


In the figure, the areas of the shaded parts A, B and 
C are given as A = 7 cm', B = 9 cm" and C = 8 cm'. 
Find the total area of the shaded region in the figure 
and evaluate the integral on the interval | a, b\. 


Solution Total area = A + B+ C = 7 + 9 + 8=24 cm" 

b 

The integral on \a, b\ = j f(x ) dx — A - B f C 

a 

= 7- 9 + 8 = 6. 




















B. THE FUNDAMENTAL THEOREM OF CALCULUS 


Theorem 


Cainitnsr 


Let /(x) be a function such that/: \a t j6| R. If F r (x) = f(x ) and J/(x) dx - F(x) + c, then 

| / (x) dx = (F(x) F c) | = F(l>) - F(a) 


Here we use the notation | to show the boundaries of the integral. 


Note 

The Fundamental Theorem of Calculus shows us that we do not need a constant of integration 
c when we evaluate a definite integral. For example, suppose we write F(a) + c instead of 

F(j), and F(h) T c instead of F(b). Then bv the Fundamental Theorem of Calculus, 

& 

J/(a;) dx = (F(t) + c) -(F(a)+ c) = F(b)-F(a ) + c - c = F(b) - F(a). 



EXAMPLE 


J | x dx = ? 
o 

i *- i 

Solution [x (lx = — | 

J i „ 


> I s O' 1 


2 o 2 2 2 


EXAMPLE 


3 

4 1 


x~ dx — ? 


s f , , x 3 f 5 3 3 3 1 25 - 27 98 

Solution x dx = — =-=-= — 

J 3 3 3 3 3 3 


EXAMPLE 


71 

5 I 


sin x dx = ? 


i 7 ! 

J sinx dx = -cosx | = -cos n (-cos 0) = 1 + 1 — 2. 
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EXAMPLE 


i 

^ | e 2x dx = ? 
o 

Solution Je 3 * =-e 3 * | 


3 3 


Check Yourself 1 

Evaluate the definite Integrals. 

i 7i e s ^ 

a. jjc 3 dx b. Jcos.r: dx c. JV 1 dx d. dx ■! 



Answers 

a. 156 b. 0 c e ' 8 ~ J d. 1 


C. PROPERTIES OF THE DEFINITE INTEGRAL 


Proof 


Let/: | a, h\ -* R and g: |a, h\ -* R be two mtegrable functions. Tben the following properties 
hold: 


1. j f(x) dx = 0 


J/ (x) dx = F(fl) - F(a) = 0 

a 

* * 

2. | f(x) dx = - | f(x) dx 

* b 

b a 

Proof |/(*) dx = F(l») -F(a) =-(F(a)-F(i» =-|/(*) dx 

n b 

h h 

3. For any c <E R t j c f(x ) dx — c j f(x) dx. 

d a 

b b b 

Proof dx = c -(F(b)-F(a))=c F(b) -c F(a)=c F(x)\= jc ■/(*) dx 

a a a 

h b b 

j | f(x) ±ff(x)| dx = | f(x) dx + J b(x) dx 

« C Q 

b b 

Proof jf(x)dx±jg(x)dx = \F(b)-F(a)\±\G(h)-G(a)\ = |F(i>) ±G(b )|-| F(a) +G(a)| 


\ F ±G\(b)-\ F ±G\(a) 


= J[/(*)±ff(*)| dx 
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Proof 


C fr c 

5. For any a , t.cEi? with a < < c, then J /(x) dx — J /(x) dx + J /(x). 

* * b 

}/(*) dx = F(c) - F(a) = F(c)-F(a)+F(b) -F(b) = \F(b) -F(a)| + |F(c) - F(b)\ 

a 

b c 

= | f(x) (to+ _[/(*) dx 

a b 


h h 

6 If f(x) > <|(x) for everv x E \a t b\ t then J /(x) dx > J #(x) dx. 

8 fl 

Proof If/(x) > #(x) hien f(x) - g(x) > 0. 

Let us write ft(x) = f(x) - g(x) t so fr(x) > 0 for everv x on \a t b\. 

b 

We know that J h(x) dx is the area between the graph of h(x) and the x-axis. 

a 

b 

If h(x) > 0 then | h(x) dx > 0. 



7. 


j f (*) dx 


<J \f(x)\dx 


Proof We know that j f(x) dx is the area between the graph of/(x) and the x-axis on the interval 

a 

\a . J>|. So we have two possible cases: 

Case 1 f(x) < 0, for every x E \a, b\ or f(x) > 0, for every x E \a, b\. 


a y 



D D D 

hi th e first figure, A = -J / (x) dx or j/ (x) dx = - A and | - A \ = \ A | = J |/( x) | dx. 

a a a 

b b 

hi the second figure, A = j /(x) dx = j|/(x)| dx. This concludes half of the proof. 
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Case % Let c e | a, i|. If f(x) < 0 for x C \a, c\ and 

b 

fix) > 0 for x £ |c, b\ tJien J / (*) dx = A 2 - A 1 


and so 


b 

I fix) dx 


A s - A 1 


However, J1 f(x) | dx = ] | -I-1 A : | and 

a 

|Aj - A : | < \A> + A : | by the triangle inequality 

b b 


So 


J/O) dx < jfix) dx. 



Note 

I All continuous functions have integrals on a closed interval | a, . 

2. A function with a countable number of points of discontinuity has an integral on the 
closed interval \a y b\. For example, if die points c Jt c„. c b £ |a t b\ are the points of 

b c ] c l £ 

discontinuity of fix) then J/(.v) dx= jf(x) dx + J /( a ) dx + ...+ J fix) dx. 


EXAMPLE 


^ | x dx = ? 

3 

a 3 

Solution We know jf(x)dx = 0, sojxdx = 0. 


EXAMPLE 


8 I 


5x sin 4 a dx = ? 


Solution 


In a similar way to the previous example we can write sin 3 Ax dx - 0. 


EXAMPLE 


^ | (2x fi + 3% - 4) dx = ? 

1 

3 3 3 3 3 3 x ~ 3 3 

f (2xr + 3x - 4) dx = 2 ■ [ x~ dx + 3 ■ f x dx - 4 ■ f dx — 2 ■ -— | + 3 ■ — | -4 x \ 
■J j { 3 3 2 1 1 


: 2 ■ (9 — -1) + 3 ■ (—— —) -4 ■ (3 -1)= —+12 -8 = —. 



Definite Integrals 



















EXAMPLE 


10 Jc 


x~ -5x + l 


) dx - ? 


f |J till f "I f f I H ^ 

Solution [(----) dx - f(jr-5 + —) dx - |\v dx -5 ■ \dx-\- \ — dx - — f-5% 

J v v J v J J J v 9 

j A- j A 2. 2 1 A -l 


1 v c / -i. , „ , e'-10e + ll 

: (—- —> — 5 ■ (e — 1) + (Ln e -in 1) =---. 


EXAMPLE 


11 j 


e 3 * +I dx = ? 


Solution fe 3s 1 dx=* - | 

J 3 o 


EXAMPLE 


12 | (sin x + cos x) dx — ? 

0 

71 ^ 71/2 

J (sill A + COS X) (Zx = (-cos A -t- sin X) I — ( — COS — + sin — ) -(-cost) 


7i n 

- (-cos 
0 2 

(-0 + 1 ) - (-1 + 0 ) = 2 . 


EXAMPLE 


13 


1 

| *j3x +1 fix 1 = ? 
0 


Solution 1 We can calculate the integral using substitution: 

Let u — 3x + 1 so du = 3 dx. 

Now we need to calculate the boundaries in terms of u. 
The lower bound is 3 ■ 0 T 1 = 1. 

The upper bound is 3 ■ 1 + 1 = 4. So we can write 


| *j3x T1 dx — 


0 



3/ 3/ 3/ 3/ 

1 2 w~ 2-4^ 21^ 

3 ~ 3 ^ \ 9 i 9 9 

2 


16 -2 
9 



Solution 2 Alternatively, in this example we can calculate the integral directly: 




— 2 3/ ,1 

+ 1 rfx = -(3x+l)^ I : 
9 o 


9 ' 9 * 


16-2 

9 


14 

" 9 "' 


| +I 11 x | 

1 1 



sinO) 


c c cc c 

If we calculate a definite 
integral using the substitution 
method, we must always 
re m em be r to c ale ula te 
the boundaries In terms 
of the substitution. 


14 

~ 9 ~' 
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EXAMPLE 


14 J* x 111 x dx - ? 

i 


1 

Solution Let u = lnx and v' = x, then u' = — and v = : —. 

* 2 

J It J H I) It If If 0-4-4 

r X “ f r 1 . X X" f 1 1 

f a 1 In a rfx = —In x | - f- dx — ( —In x-) | = (—In e - —) - (—In 1 - —) 

J 2 1^x2 2 4 i 2 42 4 

_ e s _e* 1 _ e-+l 

“T”T + 4“ 4 


EXAMPLE 


15 J 


x + 4 
X" + 2x 


fix - ? 


Solution We can calculate the Integral using partial fractions: 

f x + 4 r x + 4 

—- fix = - fix 

l 1 x-t2x J 


x(x -I- 2) 


* + 4 = -+ —— = < A + B >* + 2A . a+B = 1 and 2A= 4. So A = 2 and B=-l, and 

x(x +2) x x + 2 x-(x + 2) 


f fix = f — fix - f —i— fix = (2 hi | x | -hi | x + 2 |) | = In 

ix~ +2x x : : x + 2 -i 


*2 , r 1 


x +2 


3 G 

| = 111 —- 111 1 = 111 

-1 5 


Check Yourself 2 

Evaluate the definite integrals. 

9 4 

a. jx° ■ cos4x fix b. J (x 3 + 4x" - 3x - 2) fix 


J x 3 + 4x" + 5x -1 _ 
c. - fix 

J V 


J 

d |(x“ +x-2) dx 

-9 

3 _ 

g. | V2x + 3 fix 


e | (2 cos x - sin 2 x) fix 

71/9 


h - J 


% In (In x) 


fix 


f } dx 

■ 2x~ + x 


Answers 

a. 0 

e. -1 


477 

~~4~~ 

7 In 3 


61n 2 


e 3 „ 9 ^ 25 

c. —-|- 2e" + 5e- — 
3 3 


26 


25 


h. In4 - 2 
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D. LEIBNIZ'S RULE 


Leibniz's Rule!. 


* 

Let / : \a, b\ -> R be a continuous function such that F(a) = J/(f) dt. Then 


F'w = |^| 


fix). 


Leibniz s Rule gives us two important corollaries: 


COROLLARY TO LEIBNIZ'S RULE 


Let **(a) and v(x) be two differentiable functions. Then 

u*) 

1. F(x) = | /(Orff => F\x) = f(v(x))-v\x) 

a 

2. F(.v) = | /(f) rff => F’(x) = / (i/.v))- r'(.v) - / («(*)) ■if'(*). 


EXAMPLE 


| (Si F(x) = Jcosf 5 dt is given. Find F'(—). 


»(*) 


elution We know from corollary 1 to Leibniz's Rule that F(x) - J /(f) dt => F‘(x) - f(v(x)) -v'ty). 

a 

x 

F(a) = |cost 2 dt and /(f) = cost 2 , then F/a:) = cosa 2 ■ (a:)' = cos# 2 . 

1 

So F (-—) = cos(-—)- = COS— = -—. 

2 2 4 2 


EXAMPLE 


17 F(a) = | (f - 4f + 1) dt is given. Find F'(2). 


Solution We know from corollary 2 to Leibniz's Rule that, 

K*) 

F(x>- | /(t) rtf =* F\x) - F(v(x)) ■»'(*)-/(“(*)) ■«'(*)■ 

x“ 

So if we have F(x) - J (r - 4f +1) rff then 


Z$2~ 


F'(x ) = /(at) ■ (af)' - /(a) ■ (a:)' where/(f) = r - 4f f 1 h 
F'(x) = (a" 4 - 4a " +1 ) - (2a/ (a* 2 - 4a: + 1 ) ■ 1, 

F'( 2) = (2 4 - 4 ■ 2 2 + 1) ■ (2 ■ 2) - ( 2 2 ~ 4 ■ 2 + 1) 

= 7. 
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E. THE MEAN VALUE THEOREM 



In the given formula, /(c) Is called the mean value of f(x) on the interval | a, b\. 


EXAMPLE 


18 


Find the mean value of f(x) = x" - 4x on the interval 10, 4|. 


Solution Let/(c) be the mean value of f(x) in 10, 4|. 

By the Mean Value Theorem we have 


no = 


4 

J(^" -4 x)dx 
0 



4-0 

x 2 

x~ * 
-4—)| 

3 

2 A 


4 

64 

64 

~3~’ 

~2 


4 

8 _ 

3' 



Check Yourself 3 

1 Given F(x)~ jsin f dt t find F'(y^). 

o " 

2 Given F(a^) = J (F + 4t - 1) dt f find F'(3). 


- 1 - Oy" +1 

3 Find die mean value of f(x) = --—- 

sr 

Answers 

1. ^ 2.21876 3. — 

2 3 


on the interval |1, 3|. 
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EXERCISES 2.1 


A. Definition of the Definite Integral 

1. Evaluate the area between the graph of f(x) = x 
and the a- axis on the interval |0, 3|. 

2. Find the integral of die function f(x) - 3a - 2 on the 
interval |0, 4| and find die area between die graph 
of/(x) and the the x-axis on die same interval. 

3. In the figure, A = 5 cm', 

B = 4 cm" andC = 7 cm". 

Find the area of the 
shaded region and 
evaluate die integral of 
f(x) on the interval \a, b\. 



B. The Fundamental Theorem of Calculus 

4. Evaluate the integrals. 


3 5 


|a" dx 

b. j 3a dx 

4 

f a 3 dx 

1 

d. 

J 

0 

1 * 

In .L 

71 

| e 1 dx 

f. | COS A dx 

0 

0 

J (V* + ~j=) dx 

i v* 

a 

h. |(aa 3 ~ta 

0 

7 

| t/ v + 9 dx 



0 


C. Properties of the Definite Integral 

5. Evaluate die integrals. 

o 

a. | (5x“ + 4 a 1 + cos x + e k4 ) dx 

b. dx 
1 

4 

c. 1 3a" dx 

3 

4 

d. | (5a 3 + 4x~ + 3a 1 - 5) dx 



4 j 

e. |(3 a 4 + 4a" + —+ i/a) dx 


f. | (sin 3 a + 4 cos 2 a) dx 

0 


£■ 


A 3 + A + 1 
A 


dx 


5 3 

6. J fm dx = 7 is given. Evaluate j f(x) dx. 

3 5 


7 . |/ (x) dx = 5 and j/ (x) dx = 8 are given. Evaluate 

1 3 

3 

|/(a) dx. 


D. Leibniz's Rule 


8, a. Given F(a)= jcosf dt f find 


dF 

dx 


b. Given F(a) = J (r + 2f) dt t find 

i/* 

c. F (a) = f sinf dt is given. Find 

i dx 


dF 

dx 

dF 


dF 


d. F(x)= [ (a+ 4) dx is given. Find 

\ dx 


E. The Mean Value Theorem 

9, Find die mean value of each function on the 
given interval. 

a. f(x) = x + 1 on |G f 5| 

b. /(a) = a 3 + 1 on |-l t 2| 

,, , x~ + 2x + 4 . _ _ ( 

c. /(x)=-on |-3 f 3| 

A 

d. /(a) = sin a on |0, 2n\ 
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A. INTEGRATING ABSOLUTE VALUE FUNCTIONS 

Recall that an absolute value function |/(x) | is a function such that 

r /(*), /(*)>o 

\f(X)\ = { 

[-/(*). /(*) < 0 . 

When integrating absolute value functions, first we find die positive and negative parts of 
given function. For the intervals where f(x) changes its sign we use the fifth property of 
definite integrals: e b 

for a < b < c t J"/ (x) dx - j f(x) dx + j / (x) dx. 

a a h 


EXAMPLE 


19 



dx = ? 


Solution \x\ 


x if x > 0 
-x if x < 0 


2 0 2 ^2 ^2 r 

So 11 x | dx - | (-x) dx + Jx: dx = —— | + : — | 


0 - -(- 3 )- ^ 


f 2 " 

on 

2 2 , 

+ 

l 2 

2 J 


2-3 2 o 

13 
2 ' 


EXAMPLE 


J [v - 2| dx - ? 

0 

Solution * - 2 = 0 => 
So f(x) 


=> x = 2 is the root of jc - 2. 
-(* - 2) if x < 2 
x-2 if x > 2. 


J _ J 

So J|ac — 21 dx= J —(ac —2) (&* +J(x-2) dx 


-+ 2x 1+ 


- 2 * 1 




Definite Integrals 


= - 2 + 4 + —-6 - 2 + 4 = — 
2 2 


69 





























EXAMPLE 


J| at -1 1 dx - ? 



EXAMPLE 


71 

|| cos x | dx = ? 


Solution 


| COS X I 


COSJC 011 10, -I 

2 


■COSX Oil I—, 7l| 

2 


71 ST 

11 cos x | dx - Jcos x dx + J- cos x dx 


(sin A 1 | ) + (-Sill A 1 I ) 

0 71 


(sin — - sin 0) + (-sin ni- sin —) = 1 +1. 
2 2 


Check Yourself 4 

Evaluate the definite integial of each absolute value function. 





a. | | x-f-11 dx 
—s 

Ji* 2 

-S 

- 3a’ 4- 2 | dx 

71 

| | sin x | dx 

-71 

3 

3 



d | ~ - 2 a+1 dx 

e - Jl* a 

- x | dx 

f. 11 x~ - 9 | dx 

-i 

-1 


-3 

Answers 




n 5 5 ^ q 4 

3 

d. 4 

17 

e. — 

3 

f 118 

3 
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B. INTEGRATING SIGN FUNCTIONS 


Recall the definition of the sign function: 

r 1 , /(*) > 0 

sgn /(*)=< 0, f(x) = 0. 

-1, f(x)<0 

When integrating a sign function, we divide the interval into two parts as negative and 
positive intervals, since f(x) is not continuous at the point where f(x) - 0 


EXAMPLE 


S3 j sgn (x + 1) dx = ? 

Solution x -I- 1 = 0 


sgn ( a; + 1) 


x = -1 

1 X > -1 

0 x — -l 

-1 x < -1 


i -ii 

J sgn (x + 1) dx — j -1 dx + J1 dx 


-i i 

-x I + A- I 


1-2 + 1 -(- 1 ) 

1. 


l 

> 

1 

i 

, , 

-2 



w y 


-1 

1 

F A 




EXAMPLE 


}sgn.(* a -4) 


dx = ? 


Solution x- - 4 = 0 

sgn(x~ - 4) 


x — ±2 

1 jr < -2 or x > 2 

0 x — ±2 

-1 -2< x <2 


^ « 

| sgn (x" -4) dx - | dx + J - dx + J dx 


X \-t ( -X ) \ + X t 
-3 -5 5 



= (-2)-(-3) + (-2) -2 + 4-2 


= -l. 
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C. INTEGRATING FLOOR FUNCTIONS 


The floor function [/(*)]] is tiie greatest integer value which is not greater than f(x). If 
f(x) E Z then [/(*)] is not continuous. For the points of discontinuity (i.e. for critical points) 
there is no integral. For this reason, when integrating a floor function we divide the interval 
into subintervals bv using discontinuity points. 


EXAMPLE 




dx = ? 


Solution Look at the graph of lx -1J. 

For - 1 < x < 0, lx -1]]= -2. 
For 0 < x < X lx - 1] = -1. 
Fori< jc < 2, [x-lJ-Q. 

For 2 < x < 3 t [*-11 = 1. 


U .1 2 1 J 

So j lx- 1] dx = |-2 dx + J -1 dx + J0 dx + J 


dx 


y 

\ 

1 

1 

-1 

] 


-1 

r A- 

2 3 





9 





-2x |T (-x) |+0+ *| 
-10 2 

0 - 2 + (-1) -0 + 3-2 

- 2 . 




w ^ 





Check Yourself 5 

Evaluate the integrals. 

2 4 3 

1 a | sgn x dx b J sgn (x - 3) dx J1 sgn( y" -1) | dx 


-3 

3 


2. a j[x-ljdjc b. J [-] dx 
—2 -1 2 

Answers 

1. a. 1 b, -5 c. 5 2. a -6 b 0 c. 0 


c | sgn [a] dx 
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Applications in Phys/cs 




Integrals have many applications in physics. In fact, some people sav 
that calculus developed because of physics. Newton, one of the 
fathers of calculus, was also a great physicist. 

How can we use integrals in physics? Let us look at some applications. 

The area under a velocity-nine graph gives us the displacement of a 
moving object. Also, the area under an acceleration-time graph is the 
velocity of the object. So we can say that the integral of the function 
of acceleration is velocity, and the integral of the function of velocity 
is distance or displacement. 

We know that the gravity of acceleration of the earth (g) is about 9.8 m/s“. 
Therefore, when vou drop an object from a height, its speed after t 
seconds will be j a(t) dt where a(i) is the acceleration of the earth, g . 

After integrating this function we get: 

velocity = Ja(t) dt - jg dt - g t +c = 9.8 t + c 


How can we calculate the constant c? For this, we use information 
about the velocity'. If we throw an object with a speed v 0 then at time 
t = 0 the velocity will be v 0 . Substituting this information in the 
equation gives us: 

v - 9.8 ■ t + c 


Vq = 9.8 ■ 0 + c 


So we have the equation: 


velocity = acceleration ■ time + initial velocity 


If we integrate this velocity 7 function with respect to time then we get the distance: 
Distance = j v(t) dt. 

Again by using the given information we can find c from the initial height. 

Let us look at two examples of using these formulas. 









Example 


A rocket is launched. Its initial velocity is 120 m/s. 

a. What is the velocity of the rocket after five seconds? 

b. What is the height of die rocket after five seconds? 

c. What is its maximum height? 

Solution We can begin by writing v Q =120 m/s T g - 9.8 m/s~. The rocket 
moves upward but the acceleration of gravity works downward, so 
we will take the acceleration of the rocket as negative: g - -9.8 in/s~. 

Now, 

a. v(t) = j# dt = -0 ■ t + c 2 
v(0) = -g ■ 0 T c r This means = v 0 - 120 m/s. 

So the velocity at time t - 5 is u(5) = -9.8 ■ 5 + 120 = 120 - 49 = 71 m/s. 

b. Let d(t) be the distance after time t. 

Tiien rf(f) = J(-9.8 ■ t+ 120) dt =-i-9.8 - r+120f+c„ 

We assume that the initial distance of the rocket is 0 m. Therefore when t - 
1 


0 we have 


d( 0 ): 


■9.8 0 +120 0 + ^=0. 


This gives us = 
So we have <Z(5) 


9.8 ■ r + 120 ■ f. 


+ 120 ■ 5 = 477.5 m. 


0 , which means d (f) 

= -I ■ 9.8 
2 

At the rocket's maximum height its velocity will be 0 m/s. Using the formula from part a 
we get v(t) — -9.8 ■ t + 120 => 0 = -9.8 ■ t + 120. This gives t = 12.24. 

So the maximum height = <2(12.24) = 734.7 m. 


Example 


2 A stone is dropped from a balloon. 

a. What is the velocity of die stone after ten seconds? 

b. If the stone hits the ground after twenty seconds, what is the 
height of die balloon? 

Solution a. Given information: g - 9.8 m/s~ T v 0 - 0, 
v(t) = jg dt = g ■ t + c v 

When t - 0, r 0 = 0 so c 1 = 0. 

Using v(t) = g ■ t after ten seconds: 
i'(10) = 9.8 ■ 10 = 98 m/s. 
r 1 

b. d(f) = J 9.8 t dt - — - 9.8 r + m. The initial distance is assumed to be 0 so c. = 0 . 


So the height of the balloon = d( 20) 


9.8 ■ 20" 


1960 m. 





EXERCISES 2.2 


A. Integrating Absolute Value 
Functions 

i. Integrate the absolute value functions. 


a. J | x-l| dx 

-3 

5 

b. 11 x + 3 | dx 

-B 

3 

c. 11 2x + 3 | dx 

B 

d. 11 x*— 11 dx 

_3 

B 

f r 11 A' - 33C-4 I 

-3 

B 

f. J | a' +3a + 2 | dx 

-4 

71 

g. J | sin x | d.v 

0 

3 

h. f | x 3 | rfA 1 


1 & 


1- 6a + 9 dx 


B. Integrating Sign Functions 

2, Integrate the sign functions. 


r 

a. | sgn (x~ -1) dx 

-3 

3 

b, |sgn(jc+l) dx 


c. | sgn(A~ - 2 a 1 + 3) dx 

-3 

d. | sgn(A 3 - 3 a* - 18a + 40) dx 

-3 

3 

e. 11 sgn [a]| dx 

_3 

0 

f. J sgn(A" - 5A" - 6) dx 

C. Integrating Floor Functions 

3. Integrate the floor functions. 

3 

a. | [a +1] dx 
0 

3 

b. j [2 a - 1] dx 

-i 

3 

c. Ja - [a 1 + 2] dx 

i 

d. } [ J] dx 
0 2 

3 

e. | [3 a 1 ] dx 

2 JE 

f. | I A I A [ - ] dx 

_3 

3 

g. 11 sgn[l-*]] | dx 

-2 

3 

h. |a [2a + 5] rfA 
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CHAPTER SUMMARY 


* Definition of the Definite Integral 

o. Let f(x) be a continuous function defined on the 
interval [a, b]. Then the area between the graph of 
f(x) and a-axis is called the definite integral of fix). 

b If the graph is under the x-axis then its integral will be 
negative. However, the area A is a positive value 

b 

A = -J/(x) dx 

a 

* The Fundamental Theorem of Calculus 
lff(x) is a function such that f. [a, b] R. 

If F'(x) = fix) and J/(x) dx = F(x)+c r then 

}/(x) dx = F(b)-F(a) 


* Properties ©f the Definite Integral 

Let f\ [a, b] R and g\ [a , b] R be two mtegrable 
functions. Then the following properties hold 

a 

1 | fix) dx = 0 

a 

b a 

2 J/(x) dx = -J/(x) dx 

a b 

b b 

3 | c ■ fix) dx = c ■ J f(x ) dx 

a a 


4 j[f(x)±s(x)] dx = j/(x)dx± jff(x) dx 

a a a 

c b c 

6 If a <b < c then J/(x) dx = J/(x) dx + J/(x) dx 

a a b 

b b 

6. If fix) > g(x% then J/( x) dx > J g(x) dx 

a a 

F jf(x)dx < J|/(x)| dx 

a a 

* Le ibniz J s Rule 

If f [a, b] R is a continuous function and R(x) = J/(£) dt 


then 


FXx)= ^ f(t) dt)=f(x) - 


This implies that for any two differentiable functions 
u(x) and v(x)-. 

a F(x) = J /(t) dt =>J J ’'(x) = /(u(x)) V(x). 




b F(x)= J 

a(x) 

■ FXx')=f(v(x))-vXx)-f(u(xy)-u'(x). 


* 


# 


* 


# 


The Me an Value The orern 

Let f [a, b] R he 3. continuous function. Then there 
exists at least one c E [a, £?] such that 

b 

J f(x) dx 
f(c) = !— -. 

b -a 

The real number c is called the mean value of fix) on the 
interval [a, b]. 

In tegi’ a ting Absolute Value Functions 
r fix), f(x)> 0 
/(*)=] 

[-/(*). f(x)<0 

To integrate an absolute value function, first find the 
positive and negative parts of the given function. For the 
intervals where fix) changes sign, divide the interval into 
two or more subintervals by using the fifth property of 
definite integrals and change the negative parts to positive. 


Integrating Sign Functions 
1, fix) > 0 


sgnf (x) = 


0 , /(x) = 0 


. -1, /(*)< o 

To integrate a sign function, divide the interval into two 
parts as negative and positive intervals, since fix) is not 
continuous at the point where fix) - 0. 


Integrating Floor Sanctions 


lfix)J is the greatest integer value which is not greater 
than fix) If fix) E Z then lf(x)J is not continuous. For 
the points of discontinuity (i.e. for critical points) there 
is no integral, so divide the interval into subintervals by 
using the discontinuity points. 


Concept Check 


* What is a definite integral? 

* What is the relation between the definite integral of a 
function and the area between the x-axis and the graph 
of the function? 

* What is the Fundamental Theorem of Calculus? 

* How can we explain Leibniz's Rule? 

* How can we find the mean value of a function on a closed 
interval [ a , &]? 

* Name three special types of function and the integration 
methods we use for them. 

* Why do we need to divide the interval into parts when we 
integrate these special functions? 
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1, In the figure. A, B 
and C are areas 
such that A = 3 
unit", B = 6 unir, 
and C = 5 unit". 

b 

What is J f(x) dx? 



A) 27 


B) 14 


C) 4 


2. JV dx = ? 


A) 


26 


B) 


C) 5 


3. }S-^- 4 ri.v = ? 


A) 


Q£ _ 


E) 




D) 


e-1 

10e 4 


D) 2 


E) 8 


D) 8 


E) 0 


C) 5e '~ 5 
2e* 


E) 


4, | siii x dx = ? 


A) 0 B) 1 C) -1 


C huptej Jfar tea Tut 2a 


E) 




5, | 3x 7 ■ cos x ■ In x dx = ? 


A) -1 B) 0 C) 1 D) cos (Inx) E) 


In 7 
sin 7 


6„ | (4x 9 + 3x - 4) dx 


A) -5 E) 3 G) 3x - 4 


x - 2 


E) D 


_ e f x 2 - 2x + 3 
7 . - dx = ? 

J y 


A) 1 B) 0 

D)£^4 1± 9 


E) 


C) 

e"+e-l 


In 4 -e~ 


8, j x 3 dx = ? 


A) 9 B) 


C) 


81 


D) 


17 


E) 0 


T* 


















































E) -1 


e 

9, J" Ill X (lx = ? 


A) 


1 + e 


B) 


2e -1 


D) 23 


C) + 1 

E) 1 - e 


io. 


A) 0 B)ln2 

D ) In 3 - In 2 


C) 1 


E) e~ 


ILL J 


2 x + 3 
2jc-1 


dx - ? 


A ) In 9 - In 3 


B) In 3 - In 5 


C) 0 


D) 2 + In 25 


E ) In 5 - 1 


12 , j 4 

J y- 


2^ — 3 


x~ + 3x 


dx — ? 


A) 21n3 + ln5 


B) li i (—) 
4 


C , 


D) 1 + In 2 




E) ln(—) 
128 


80 


tt /3 

13 f » — 3 


J sin 3 x- 


A) 


11 

43 


COS X rfjc —? 


B) A_ C) — 

128 161 


D) 


t 

14. F(a) = f —— ; - dt is given. What is F’(a) ? 
J l+r 


A) 


1 4- A’ 3 


B) 


2a- 


C) 


2a 


D) 0 


1 + a 3 1 +• 3a 

111 I 1 + X I 


71 t nt 

15. J cos Asm 3 x dx-? 


A) 0 


B) 1 


C) 


16 


D) 


E) 


16, What is the mean value of the function 
/(a) = 2a q +1 on the interval 1 0. 5|? 


A) — B) — C) — D) — E) — 

4 5 3 7 5 


Ifiteifml* 






















1 FINDING THE AREA UNDER A CURVE 

Definite integrals have many applications. We can use definite integrals to find the area of a 
region bounded by a curve, the volume created by rotating a curve, the length of a curve, the 
mean value of a function, the center of mass of an object, and to calculate the displacement 
and work done in motion and projectile problems. 

Most of these applications are useful in mathematics or physics. In tins chapter we will look 
at the applications of the definite integral in mathematics. 



FINDING AREA 

Let/: \a , b\ —> R be a continuous function such that for ^ 

every x,f(x) > 0. Then the area of the region between ; 

t m 

if - fix) and the x-axis on the interval \a, b\ is 


TS 

‘‘W' 

II 

< 

1 A 1 

n 

a b 


Conclusions 

The theorem above gives us four important 
results. 

1. If f(x) < 0 then the area of the region between 
y — fix) and the x-axis on the interval \a, b\ 
will be 

b b 

A = J -/( x ) dx - ~\f ( x ) dx. 

a a 



More generally, if y = /(x) is any continuous function on the interval |a, then the area 

between y - f(x) and the x-axis is 

A= j| /(*) | dx. 
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Remember: 

a. The definite integral of fix) on \a, b\ is 

Jj 

| f(x) dx- A-B. 

a 

b. The area between fix) and the ,v-axis on |a, i>| is 
Area = A + B. 


3. The area between y - /(%), the y-axis and the 

if 

hues y = m and y = n is A = j f(y) dy. 



l 

i 

l 

k 

n 


m 

h T 

l 

F A 


4. We can use the formula for the area under a curve to define the area between two curves. 

a - y y u 



Let /(a) and g(x) be two curves. Then tiie area A between /(a:) and g(x) on the interval 

b 

\a, is A= J[/(a:)- g(x)] dx. 



The area between/(x) and g(x) is 

b c d 


A + B+C = JC/C^) -dx + }(0(^) -/(*)) dx+ |(/(x) -g(x)) dx. 



Applications of Dejinit? Integrals 

































EXAMPLE 


Find the area A of the region bounded by the graph ofy = x + 1, the x-axis, and the lines 
x = 2 and x = 4. 



EXAMPLE 


2 


Find the area A bounded by the graph of ij - -3a: + 1, the x-axis, and the lines x — 1 and 
x - 3. 


Solution 



«(—- 3 )-(--!) 
2 2 

- 21 _ 1 
~Y 2 

— 10 . 



EXAMPLE 


M What is the area of the finite region between the graph of y - 1 - x~ and the x-axis? 


Solution f(x) - 1 -x" - 0 => x - ± 1 
A = | (1 - x~) dx = f x - — J 


4 

3' 
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EXAMPLE 


i\ What is the area of the finite region between the graph of y - 2 - 3 a + a 9 and the a:- axis? 


Solution 2 - 3 a + x~ — 0 x 1 = 1, x* = 2 

A = j-(2 - 3a- + A s ) riA - [ _2a + yl- y | j 

= (-4 + 6 - —) — (-2 + —- ?) 

3 2 3 

_1 

~~ 6 ' 



EXAMPLE 


5 


Find the area of the region bounded by the graph of if - 1 = a and the ij- axis. 


Solution if - 1 = 0 => y = ± 1 

A=|-(r- 1) dy = - (^— i/)| 

_i 3 -i 

1 1 

= -(— 1 ) + (—+ 1 ) 

3 3 

_ 4 

_ 3' 



Check Yourself 1 

1 Find the finite area between the graph of ij - x~ -4 and the a- axis. 

2. Find the area of die region bounded bv y = 2a 2 - 4a + 5, the a -axis, and the hues a = 2 

and a = 3. 

3. What is the area of the region bounded by y - 3a + 5, the A-axis, and the lines a = 1 and 

a = 4? 

4. Find the area of the region bounded bv die graphs of ij — 5a + 1, the y- axis, and the lines 
y - 2 and y = 3. 

5. Find the area of the region bounded by the graph of y ~ = a + 9 and the y- axis. 

6 What is the area of die region bounded bv y - 2 X and the hues a = 1 T a = -1 and y - 0? 

Answers 

1. — 2. — 3.— 4 . A 5.36 6.-5— 

3 3 2 10 2 In 2 


Applications of Definite Integrals 
















EXAMPLE 


Find the area of the finite region between the graphs of y 1 — x~ + 1 and = 5. 


Solution Before we begin, we need to find the interval for the 
integration. If we sketch a rough graph we can see 
that the interval is set bv the intersection of the two 
lines. Therefore, we need to solve the two functions 
simultaneously to find the upper and lower limits 
for the integral. Then we can find the definite 
integral between the limits. 
y 1 x~ + 1 1 

K 3fi = +1=5 =>* = ±2 

= 5 J 

A = } (5 - (%"- +1)) dx = | (4 -x a ) dx = f 4x -y) f = (B 



EXAMPLE 


7 


Find the area of the region bounded bv = x~ + 2 and = x + 4. 


Solution Again, we find the interval by solving the two 
functions simultaneously. 

y 2 = y s => x s + 2 = x + 4 
x 1 = 2 and x s = -1 

■j 2 

A = j ((a: + 4) - (x~ T 2)) dx - j ( -at + x + 2) dx 
f x 3 x- ) ; 8 ii 

= [4 + T +2 *JI =( -i +2+4> - ( i + r 2) 

_ 9 
~~ 2 




EXAMPLE 


8 


Solution 



Find the area of the region bounded by f(x) = x" - x and g(x) = 3x - x~. 


fix) = g(x) 
a: - — x — 3a 1 - x~ 
So a : = 0, x„ - 2. 


A = J ((3a: x-) -(at 
0 


a)) dx = |(-2a " + 4a) dx 


o 



0 



-0 


8 

3' 
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EXAMPLE 


v-} Find the finite area between the graphs of y - x 3 t y - 0, x - -2 and x = 1. 


Solution 


The graph intersects the x-axis at the point x = 0 t 
so part of the area hes above the a- axis and part of 
it is below the x-axis. Therefore we divide the area 
into two parts. 

, fa, r 3 , A" 4 y x 4 i 

A - -A’ (lx + X (lx - - - T - 

{ 4 -a 4 i 

1 17 

= D - (-4) T — - 0 = —. 

4 4 



EXAMPLE 


J 0 Find the area of the region bounded by y - x 3 , * = 0, y - -2 and y = 2. 


Solution y 


, r- r . } j , 3y 3 5 s 

A = J \jy dy = J y 3 dy = — a - \ ~ 


4 o 


? r , 3 y 3 « 3V2 

B = J = - -f- | - 


Total area = A + E 


4 -s 2 

3-^f 3-^f 


3 ^ 2 . 


h 

— II —1 

S') 

2 

I u = 9 


A J 



fn 

^ .i 

PP — -O 

1 “ 2 

if * 



2 2 

These two areas are symmetric. Therefore, if we multiply A bv 2 we will find the total area 


EXAMPLE 


11 


Solution 


What is the area of the region bounded by y = x" + 3a\ the x-axis and the hue x = 3? 
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EXAMPLE 


2 What is the area of the region between y = cost and the x-axis on the interval |0 t 2n\? 


Solution We can see from the figure that the areas of all 
four parts A t B, C t and D are equal. So we can 
calculate the answer as follows: 


Total area = 



cos x dx = 4 sin x 


0 


f 


4 sin — - 4sin0 
2 


= 4. 



EXAMPLE 


13 What is the area of the region bounded bv the graphs of the functions = x 3 and i/ s = x? 


Solution First we need to find the intersection points: 

Ui = *h 

x 3 — x\ x 2 - x - 0; x (x - l)(x + 1 ) =0. 

So the intersection points are x = -1, 0, 1. 

0 1 

A - | (x 2 - X) dx + 1 (x - X 2 ) dx 


( Y 4 V- ^0 ' X X 4 j 1 

_i 2 4 o 2' 



Check Yourself 2 

1 Find the area of the region bounded bv y = + 1 and y — 3x - 1. 

2. What is the area of the region bounded bv y — 3x~ T 1 and y — 4? 

3. Find the area of the region bounded bv y - 2x~ 4- 3x and y = - 3x -I- 24. 

4 What is the area of die region bounded bv the graphs of y = x 2 - 2 and y = -2x~ + x? 

Answers 


1 37 

1. - 2. 4 3. 108 4. — 

6 12 



Integrals 





















EXERCISES 3.1 


1* Find die area of the region bounded bv the graph 
of y = 4 - x~ and the x-axis. 

2, Find the area of the region bounded bv the line 
y - 3 + x and the x and y axes. 

3. Find die area of the region bounded by y - 2x - 1 
and the x-axis on the interval |0, 3|. 


4* Find die area of the region bounded bv the graph 
of y — 1.-3% and the x-axis on the interval (2 t 5|. 


5, Find die area of the region bounded bv the graph 
of y - x~ + 5 and the x-axis on the interval 10, 3|. 

6, Find the area of the region bounded bv 
the graph of y = x 2 - 3x - 4 and the x-axis on the 
interval [-1, 7|. 

7, Find the area of the region bounded by the graphs 
of*/ = x-l T z/ = Q t x = l and x = 3. 

8, Find the area of the region bounded bv the graphs 

of y — x 3 - 1, y ^ 0 t x = 1 and x = 2. 

0, Find the area of the region bounded bv the graphs 

of y = 3 - %' t y = 0, x = 0 and x = 2. 


10, Find the area of the region bounded by the graphs 
of y = 2x + 1, x = 0, y — 1 and y - 3. 

ILL Find the area of the region bounded bv the graph 
of y — 3% - 1, the ?/-axis, and the hues y - 0 and 

y = z. 

12, Find the area of the region bounded bv the graph 
of y - Vx T the y- axis, and the lines y - 1 and 
V = 3 - 

13, Find the area bounded by the graph of x = y~ - 4 
and the 7/-axis. 

14, Find the area of the region bounded bv the graph 
of x = y~ - 3t/ 4- 2 and the y- axis. 

15, Find the area of the region bounded by the graphs 
of y - 2x~ - 3x + 1 and y - 3 on the interval 

12, 3|. 

16, Find the area of the region bounded by die graphs 

of y — 2x - 5, y — -2 t x = 1 and x = 3. 

17, Find the area of the region bounded by the curves 

y = xr - 1 and y - 1 - x s . 

18, Find the area of the region bounded by the curves 

/(%) = x 3 and g (x) = Jx. 

10, Find the area of the region bounded bv the curves 
y — 4 — x" and y — x s + 2. 
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20, Find the area of the region bounded bv the graphs 
of y - 2x s - 3a 1 + 1 and y - -8x + 4. 

211, Find the area of the region bounded by the graphs 
of y — x* - 1 and y — 3a +3. 

22. Find the area of the region bounded bv the graphs 
of y = 4 - x~ and y = 2x + 1. 

23. Find the area of the region bounded bv the graphs 

of y - x 3 - 2x~ and y - 3x. 


30, Find the area of the region bounded bv the graphs 

n 

of y - 2 sin a and y - 3cosx on |0, —|. 

6 


31. Find the area of the region bounded bv the curve 
y — sin a 1 and the x-axis on |0 T 2n\. 

32, Find the area of the region between the graph of 

n 

y = b ■ cos4x and the x-axis on |0 T -|. 


24, Find the area of the region bounded by the graphs 
of f(x) = x~ tmdg(x) = 4. 


26, Find the area of the region bounded by the graphs 
of /(a) = 3 - x~ and g(x) - 2. 


26, Find the area of the region bounded bv the graphs 
of y - a 2 and x = if. 


27, Find the area of the region bounded bv die graphs 
of y - cos x and y - sin a on the interval |0, j:| 


28, Find the area of die region bounded bv the graphs 


© 


of y - sin x and y 


cos 2 a on |0, —|. 

3 


33. Find the area of the region bounded the graph of 
ij - 3 ■ sinx t the A-axis, and the lines x = 0 and 

71 

A = —. 

3 


34* What is the area of the region bounded bv the 
M graphs of y - a% y - 3a 2 and y - 4a? 


36, In the figure the shaded 
area is 12 cnr and 

j /(a) dx - 0. 

-3 

What is j f (a) dx ? 

0 



29, Find the area of the region bounded by the graphs 



36, The area of die region bounded bv y = a a 2 (a > 0), 
the A-axis and die hue a = 3 is 18 cnr. What is die 
value of a ? 
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37, Find the area of the region bounded bv the graph 

of if = —, the ac-axis, and the graphs x = 1 and 

x 

„ _ .3 


3®. Find the area of the region bounded bv the graph 
of ij - lnx, the E-axis, and the graphs x = e and 

x - e~. 


39, The figure shows the graph of the function /(e). 

1 5 

J /(jc) dx = -5 and j /( x) dx = 5 are given. Find 

-2 -3 

the total area of the shaded region. 




40, The figure shows the y 
graph of fix). * 

7 

If j/(x) dx = -3 and 
the area B is 8 cm% 

7 

what is 11 / (e) | dx? 


41, Find the area of the region bounded bv the graphs 
of y - x” + 3x - l t y - 0 f e - -3 and x - 0. 


42. Find the area of the region bounded bv the graphs 
of y = x~ and y = 1 on the interval |-2 t 1|. 


43, Find the area of the region bounded by the graphs 
of y - x 3 -t 1 and y - 5 on the interval |0, 2|. 

44, Find the area of the region bounded bv the graphs 
of y - 1 + 3x, y = 8, x - 2 and x = 3. 


45, Find the area of the region bounded by die curves 
y = 2x" - 3x + 5 and y - 10 - x - x~. 


46, Find the area of the region bounded by the curves 
v y — x 2 e 3 + 2x and y - 7e 3 9x + 6. 


47, Find the area of the region bounded bv the graphs 
° of e = y~ and y — x - 3. 


48, Find the area of the region bounded bv the graphs 

Q 71 

of y - sin3x, y - 2cose, e = 0 and e= —■ 


49, Find the area of the region bounded bv die graphs 
of y - cos 2x and y - 2siiiE on I—, —I. 

' 3 T 


50, What is the area of the region bounded by the 
tangent line of /(e) = In x at the point x = e T the 
graph of the function g(x) = lux, and die x-axis? 

51 o Find the area of the region bounded bv if - x, 


GO 


1 „ i _ 3 

y = jx-,y = 


52. Find the area of the 
sliaded region in the 
figure. 





App(ica tions of Definit? Integrals 












When a region is rotated about an axis we obtain a solid figure. This figure is called a sohd of 
revolution. We can use the definite integral to find the volume of a solid of revolution. 



Note 

f~x is used in the place of [f(x)|“. 


EXAMPLE 


14 


Solution 


What is the volume V of the solid figure generated bv rotating the area between ij — 3x and 
the x-axis around the x-axis on the interval |0, 2\ ? 

Look at the figure. Using the theorem we can write 

2 2 

V = 7E ■ J(3x)~ dx — 7i ■ J9x~ dx 

0 0 

- 37L\’ a f 

o 

= 24tl 



EXAMPLE 


15 


Solution 



What is the volume V of the solid obtained bv rotating the region between y — x~ -t 2 and 
the x-axis around the x-axis on the interval |1, 3| ? 


j 

V = 7i J(x“ +2>" dx 

i 

3 

= n ■ |(x 4 -L 4x" -L 4) dx 


x 5 4x 

^ (—+—+ 4x) | 
b 3 i 


13 66tz 
15 



Integrals 



































Note 

If we rotate a figure around the y-axis then the 
volume Is created bv x = f(y) and we Integrate It 
with respect to dy\ 

V = n-J f-(y)dy. 


y 



EXAMPLE 


16 


Find the volume V of the solid figure generated bv rotating the region between/(x) = 3x - l t 
the y- axis, and the lines y — 2 and y - 5 around die //-axis. 


Solution 



To find die volume, we find a: in terms of y and 
integrate the expression widi respect to dy: 


y = 3x -1 


// + ! 


f jiT** 7 f 

dy = Tc-J 


y- +2y+l 
9 


dy 


, y y~ y x p 

= 7E-( — +—+—) 

27 9 9 s 

125 25 5 8 4 2 

: 7Z ■ (-+ + — - — - —) 

27 9 9 27 9 9 


7n. 



Note 

If we rotate the area between two curves 
/(a) and g(x) on the interval | a, b\ then the 
volume of die solid figure generated is: 

j? 

V = 7t-|(/ C (X)-0-(x)) (lx. 



Applications of Definite Integrals 




























EXAMPLE 


17 Find the volume V of the solid figure which is generated by rotating the area of the region 
bounded by the graphs of ij = 2x~ + 2 and ij = 3 - 2x" around die x-axis. 



EXAMPLE 


18 


Find the volume V of the solid figure generated bv rotating; the area bounded bv the graphs 
of y - x 2 and y - Jx around the x-axis through 60°. 



Solution We can solve the equations simultaneouslv to find the intersection points: 

x 2 = x 1 = 0 and x s =1. 


60 

V =-(total volume) 

360 


= }((>£)“-(**)*) dx 

k 0 

1 f 

= — -n- J (x- X ) dx 


94 


Integrals 





























EXAMPLE 


19 


What is the volume V of the solid figure generated bv rotating the area bounded bv the graphs 
of y = e\ x = 1, x = 3 and y - 1 around the x-axis? 


Solution 





V 


ft f 6 S 
— (e -I? 

2 


4) 






Check Yourself 3 

1 Find the volume of the solid figure generated bv rotating the area 
between y - ar- 4 and the x-axis around the x-axis. 

2 Find the volume of the solid figure generated by rotating the area 
bounded y — 4x - 1 T the x-axis, and the lines x = 1 and x = 3 around 
the x-axis. 

3. Find the volume of the solid figure generated by rotating the area 
bounded bv y = 3x~ + 2x + l r the x-axis, and die lines x = 0 and 
x = 2 about the x-axis. 

4. Find the volume of the solid figure generated by rotating the area 
bounded bv y — 2x + 1 T the y-axis, and the hnes y — 2 and y = 5 
around the y- axis. 

3 Find the volume of the solid figure generated by rotating the area 
bounded bv y = 2x' + x + 2 and the hnes y = 1, x = 1 and x = 2 
around the x-axis. 

6 Use the definite integral to show that the volume of a sphere widi 
4 

radius R is — jtR 2 . 

3 


Answers 


. 512tu 32 6n 2134tt . 21 iz 349tt 

1. - 2. - 3. - 4. - i> - 

15 3 15 4 5 

6 Place a circle at the centre of the coordinate plane and use the equation 
of circle. 

Applications of Defi nit? Integrals 























B. FINDING THE LENGTH OF A CURVE ( OPTIONAL ) 


FINDING LENGTH 


The length L of any curve (or line) between the points a and b of a continuous and 
differentiable function/(x) is: 


EXAMPLE 


20 Find the length L of the graph of f(x) - 4(x - l) 3 ^ between x = 1 and x = 2. 


Solution Using the formula we get: 

/'(*> = e-(*-i y ; - 

2 J--- 2 2 

L = j ^1 + ( 6 (x -1)^)“ dx = j ^1+ 36(x -1) dx = | <$6x -35 dx 


dx 


u = 36x 35 

lux 

J 


rfu = 36 dx or dx - 


di£ 

36" 


36' 


, (36jc - 3S)X s 37 _i 

= - = ---- = --- . 

54 54 i 54 


EXAMPLE 


21 Find the circumference of a circle with radius 2 units. 


Solution Let us assume that the center of the circle is at the origin of a graph, then the equation of 
the circle is x~ + if = 4. 

So u - ±^4- x 2 . 

Now let us divide tile circle into four parts and find the length of just one part: 

L = J^1 + ((V4 -^)') 2 dx. 

0 


r 



So die circumference of the circle = 4 ■ j 



^4- X" 

> i 

f x ~ 

= 4 - J 

1 + _ dx 

J cV 

4 - xr 


f 4 

= 4 'W 

’ B dx 

4 - x^ 


o Vd x s 


8 ■ (arcsm —) | 

2 o 

8 ■ (arcsinl- arcsinO) 
4n units. 


l 

r\ 

i 

^ y =± V-'l - .i" 

M 

i 

^ A 

2 

.v 2 + w 3 - 4 

1 



Integrals 



































C. CALCULATING THE AREA OF A SURFACE OF 
REVOLUTION ( OPTIONAL ) 


FINDING SURFACE OF REVOLUTION 

If a function /(a) has a continuous first deriv 
generated bv revolving the curve about x-axi: 

b 

A = 2ttJ/(a) ■ ^ 

a 

Such a surface is called a surface of revolutic 

ative on | a, b\ then the area A of the surface 

> is 

1 + (/'(*))" dx. 

311. 


EXAMPLE 


22 


Find the surface area of a sphere with radius r = 3 cm. 


Solution Let us take the circle x~ + y* - 9 =>■ y- ±^9- x 1 . 

Now let us use the arc between a = 0 and x = 3 and rotate it. This will give us half of the sur¬ 
face area of the sphere, so we need to multiply the result bv 2 to obtain the whole surface area. 



Check Yourself 4 

1 Find the length of the curve ij = 2(jc + 3 ) M between 3 ; = 1 and x = 3. 

2. Find the length of the curve y = 4x~ - x + 1 on the interval 10, 11 

3. Find the length of the curve y - a 3/ " on the interval |0, 2|. 

4. Find the area of the surface of revolution which is generated by rotating the curve 

y = 2a 1 + 1 about the x-axis on the interval |1, 3|. 

5 A parabolic reflector is obtained bv rotating the parabola y = Va on the interval |l t 2| about 
the A-axis. What is the surface area of the reflector? 

Answers 

j 110V55 -74^7 : 9^2 -ln(</F-l) 3 22^2-8 ] ^ 9n _ 

27 ‘ 4 27 ' '26 



Applications of Definite Integrals 






























Practical Integral Applications 


We have seen how to use the definite integral to find the 
area under a curve, the volume of a solid, and the length of 
a curve. These results have many practical applications. 

For example, Table 1 shows a graph about a cell phone 
company. The graph shows die number of new users the 
company hopes to have per month. How many users will 
there be after five months? The 
answer is the area under die 
graph. 



The definite integral is also 
useful in economics and busi¬ 
ness. Statistics is the branch of 
mathematics that studies and 
processes data. Statisticians use 
tables and graphs to find out 
about changes over time, for 
example, changes in a compa¬ 
ny's income, or changes in die population of a citv or 
country. For example, imagine you are studying the pop¬ 
ulation of an island. You have found that the popula¬ 
tion increase P over t years is given by P = 25 VT + 20. The current population is 
1200. How many people will be living on die island in thirty years' time? (This 
problem is left as an exercise for you. Hint: use the definite 
integral.) 

The definite integral also has applications in circuit design, 
architecture, astronomy and many other fields. Integrals 
tell us about the dilation of electronic circuits, the curves 
and surface areas of buildings, and the movements of the 
stars and planets. 

















EXERCISES 3.2 


A. Calculating the Volume of a Solid of 
Revolution 

L Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y — 2a 1 + 5, a 1 = 2 and x = 3 around the x-axis. 

% v Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y = x~ + 1 and the x-axis on | 0 , 1 | about the 
x-axis. 

3* Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv 
y - x 3 - 1 and the x-axis on | 1 T 2 | around the x-axis. 

4> Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y - 3x + 1, the x-axis, and the lines x = 1 and 
x = 3 about the x-axis. 

5. Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y - 1 - x' and the x-axis around the x-axis. 

Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv 
y - x” - 4 and the x-axis about the x-axis. 

7* Find die volume of the solid figure generated by 
rotating the area of the region bounded bv 
y - 2 x - 1 , the y-axis t and the lines y = 1 T y — 2 
0 about the x-axis. 

Find die volume of the solid figure generated by 
rotating the area of the region bounded bv 
y = 2 x~ - l t the y- axis, and the lines y = 0 and 
y - 3 about the y- axis. 

9, Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv 
y - x~ + 4 and y - 2 on the interval |1, 3| about 
the x-axis. 

110, Find the volume of the solid figure generated bv 
& rotating the area of the region bounded bv 
y = x~ - 4 and y = 3x + 6 and x-axis about the 
x-axis. 


M, Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y - 4x - 1, and the x-axis on |0, 3| about y- axis. 

12, Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv 
y - x = 2 and the x and y axes about the 
x-axis. 

13, Find the volume of the solid figure generated bv 
v rotating the area of the region bounded bv 

y = sin x t x = 0, x = n and x-axis about the 
x-axis. 

14, Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv 

71 

y - cos 2 x\ x = —, and x-axis about the x-axis. 

2 

15, Find the volume of the solid figure generated bv 
rotating the area of the region bounded by y - x s 
and y = x about the x-axis. 

10, Find the volume of the solid figure generated bv 
rotating the area of the region bounded bv y = x* 
and y — x about the £/-axis. 

17 , Find the volume of the solid figure generated bv 

rotating the area of the region bounded bv 

y- = x + 4 t x = 2 and y - 2 about the x-axis. 

18, Find the volume of the solid figure generated bv 

rotating the area of the region bounded by 

y - 2x" + 3x - 1 and y — x a + x - 2 about the 

x-axis on [1, 3|. 

19, Find the volume of a cone with radius r — 3 cm 
and altitude 4 cm by using integration. 

20 , Find the volume of the solid figure generated by 

rotating the area of the region bounded bv 

i/ = x' + 1 and y - 3x - 1 about the x-axis. 



Applications of Definite Integrals 






21, Find the volume of the solid figure generated bv 


rotating the area of die region between y - tan a 1 

71 


and the a 1 -axis on the interval 
x-axis through 180°. 


0 , 


about the 


22, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 5 _ and y - x~ + 3 about the x-axis. 


23, Find the volume of the solid figure generated bv 
rotating the area of the region bounded by 
fix) = -x~ and g(x) = x~ - 3 about the x-axis. 


24. Find the volume of the solid figure generated by 
G 

rotating the area of the region bounded bv 

f(x) = —, the x-axis, x = 1 and x = 3 about the 
x 

y- axis. 


29', Find the volume of the solid figure generated bv 
rotating the area of the region bounded by 
y — 1 - x\ the x-axis T x = 1 and x = 3 about the 
y- axis. 

30, Find the volume of the solid figure generated by 
rotating the area of the region bounded bv 
y - x\ the x-axis t x = 0 and x = 2 about the y- 
axis. 

B. Finding the Length of a Curve 

3L Find the length of the graph y — 3x + 1 between 
x = 0 and x = 4. 

32, Find the length of the curve y — 2 - (x - l) 3 ^ on 
the interval |1, 2|. 

33, Use integration to find the circumference of a 
circle with radius 5 cm. 

34, Find the length of the parabola if - x on the 
interval |0, 1|. 


25, Find the volume of the solid figure generated bv 

rotating the area of the region bounded by 

fix) - —, the x-axis, x = 1 and x = 3 about the 
x 

x-axis. 

26, Find the volume of the sdid figure generated bv 
rotating the area of the region bounded bv 
y - x” + x + 1, x = 1, x = 2 and the x-axis about 
the x-axis through 90°. 

27, Find the volume of the sdid figure generated bv 
rotating the area of the region bounded bv 
y - x = 1 T x = 2 and the x-axis about the 
x-axis through 120*. 


35, Find the length of the graph y = x 3/ - over |0, 1|. 

36, Find the length of the curve y = x s - 1 between 
G 

x = 0 and x = 1. 

C. Calculating the Area of a Surface of 
Revolution 

37, Use integration to find the surface area of a 
sphere with radius 2 cm. 

38, Find the surface area of the solid figure 
generated bv revolving the parabola y = x~ around 
the x-axis on the interval |0, 1|. 

39, Find the surface area of the sohd generated by 

2x 3 ^ 

rotating the curve y = — -on |1, 2| about the 

3 

x-axis. 


28, Find the volume of the sdid figure generated bv 
rotating the area of the region bounded bv 

y - 5 - x" f y -2 t x = 0 f x = 1 about y - 1 . 


40, Calculate the surface area of the sdid obtained by 
rotating the graph of /(x) = 4x on the interval 
10, 1| about the /f-axis. 



Integrals 







CHAPTER SUMMARY = 


Length of a Curve 


Area 

1. If f ■. [a, h] —> R is a continuous, positively defined 
function (fix) > O') then the area A of the region 
between y = f(x) and the x-axis on the interval [ a , h] 
is 

b 

A - J fix) dx 

a 

2. If y = f{x) is any continuous function in the interval 
[a, &] then the area between y = f(x) and the x-axis is 

b 

J|/(r)| dx 

a 

3. The area A between y = fix), the 2 /-axis and the lines 
y = m and y = n is 

A = \f(y) d y 

JU 

4. Let f(x) and g(x) be two curves. Then the area A 
between/(x) and g(x) on the interval [a, h] is 

b 

A = J [/(*)- 

a 

Volume of & Solid of Revolution 

1. Let f(x) be a continuous function defined on [a, b]. 
Then the volume V of the solid obtained by rotating 
the area between f(x) and the x-axis on [a, b] is 

Li 

V = 7t- J/ 2 (x) dx 

a. 

2. If we rotate the figure around the z/-axis we use 
x = f(y) and integrate with respect to dy 

V = n-jf-(y)dy. 

c 

3. If we rotate the area between two curve s/fx) and g(x) 
on the interval [a, b] then the volume V of the solid 
figure is 

b 

V = ji- J f'(x')- g'ix) dx 


The length L of any curve (or line) between the points 
c and for a continuous and differentiable function 
fix) is 

b 

L = J ^l+C/'C *)) 1 dx 

a 

* Area of a Surface ©f ^volution 

If a function/(x) has a continuous first derivative on 
[a t b] then the area A of the surface generated by 
rotating the curve about the x-axis is 

A = 2t dr. 


Concept Check 


* How can we use integration to find the area under a 
curve? 

* How can we find the area between the graph of a 
function and the A'-axis if the function is below the 
A-axis? 

* How can we find the area between two curves if they 
intersect at a countable number of points? 

* How can we find the area between the graph of a 
function and the ?/-axis? 

* How can we find the volume of a function rotated around 
an axis by using integration? 

* How can we find the length of a curve on a closed 
interval [ a , b]? 

* How can we use inte gration to find the area of revolution 
of a surface? 



Chapter Summary 












3 

In the figure, J /(x) (lx = 12 cm" and 

-i 

6 

J/(x) dx - 5 cm". 

-3 


What is the total area of the shaded region in cm"? 


A) 7 B) 12 C) 17 D) 19 E) 21 


5, What is the area of the region bounded by the 
graphs of ij — x~ - 3x + 2, the x-axis, and the 
lines x = 1 and x = 3? 

A) 1 B) - C) 1 D) — E) — 

6 6 12 5 


6 . What is the area of the region bounded by the 
graph of y — x 2 , the y- axis, and the line y = 8? 

o 1 

A) 12 B) - C) — D) 8 E) 17 

3 3 


2, What is the area of the region bounded by the 
graphs of y - 2x - 3, the x-axis t and the lines 
x - 2 and x - 4? 

A) 6 B) 9 C) 10 D) 16 E) 21 


3. What is the area of the region bounded bv the 
graphs of y = -x + 5, the x-axis, and the lines 
x = 3 and x = 5? 

A) 27 B) 13 C) 7 D) 3 E) 2 


7. What is the area of the region bounded bv the 
graph of y - x~ - lx + 10 and the hue y - x + 3? 

A) 33 B) 27 C) 18 D) 36 E) 42 


4 , 


What is the area of the region bounded bv the 
graph of y - x~ - 9 and the x-axis? 

A) 27 B) 36 C) 28 D)40 E) 49 


8 . What is the area of the region bounded the graphs 

of y - x~ - x -t 1 and y - -x" t 2x -f- 3? 




C) 


125 

~24~ 



E) 49 



It+egnd* 







0, What is the area of the region bounded bv the 
graph of ij - sin 2x and the x-axis on the 
interval |0, k\? 

A) 2 B) 4 C) 5 D) 3ji E) 4 k 


13, What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y - x~ + 2 and y = 3 around the x-axis? 


A) 


27k 

IT 


D) 


163k 

15 


B) 


104k 

15 



C) 


48k 


10. What is the area of the region bounded by the 
graph of y = 3x - 4, the ^/-axis, and the lines 


y - 1 and y — 41 

A) - B) — C) - 

3 2 5 



E) 10 


14, What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y - 3x + 2 and y = x + 8 around the x-axis on 
the interval |0, 1| ? 


A ) 65 jt 


D) 


147t: 

3 


R* 27tu 



C) 


178jc 

3 


11, What is the volume of the sohd figure generated 

bv rotating die area between y = x and the 

x-axis around the x-axis on the interval |0, 3|? 

K 27k 

A) - B 27k C) - D) 27 E) 9k 

3 2 


15, What is the volume of the solid figure generated 
bv rotating the area of the region between 
y - 3x - 1, the z/-axis, and die lines y — 1 and 
y - 2 around the f/-axis ? 


A) 


19k 

~27~ 


D) 


1771 

5 




C) 


47t: 

~9~ 


12. What is the volume of the sohd figure generated 
bv rotating the area between y = x" + 1 T the 
x-axis, and the lines x = 0 and x = 1 around the 
x-axis? 


A) K 


19k 


C) 4k 


28k 

TF 


E) 


17 k 


16, What is the volume of the solid figure generated 
bv rotating the area of the region between the 
graph of y = 2x - 1 and the x-axis through 180° 
on the interval |0, 2|? 


A) 


21tc 

"y 





C huptrii Ru tgu Jdj 


103 


E; 5t: 













1, What is the area of the region bounded bv the 
graphs of y - 3x - 1 and the lines x - 0 and 
If = -2? 

A) — B) - C) 1 D) 1 E) — 

7 2 3 3 


5, What is the area of the region bounded by the 
graphs of ij - 2x + 1 and y = 5 - 2x and the 
x-axis? 







2, What is the area of the region bounded bv the 
graph of y - 3x" + 4, die x-axis, and the lines 
x = 1 and x - 3? 

A) 34 E) 29 C) 21 D) 16 E) 9 


©. What is the area of the region bounded by the 
graph of y = x 3 - 4x and die x-axis? 

A) 12 B) - C) ^ D) 8 E) 16 

3 3 


3, The figure shows the 
graph of/(x) = x~. 

Given 2S : = 5 a> find a . 


y 



7, What is the area of the region between the graphs 
of y - x~ - 6x and y - -9 and the //-axis? 

A) 32 E) 27 C) 18 D) 9 E) 4 


A) 2 B) 2l/2 C> Dt 'i/8 E) >Jl3 


4, What is the area of the region bounded bv the 
graph of y - 5x + 1 and the x and y- axes? 

A) 1 E> 3 C) 0.3 D) 0.2 E) 0.1 


8 . What is the area of the region between the graphs 
of y = - x + 1 and y - -x a - 4x + 3? 


145 T 125 
- b) - _, 

8 24 25 


127 



E) 49 



IntwaL 









0, What is the area of the region bounded bv the 
graphs of y - eos2x and a 1 - k and the x-axis? 

A) 2 B) 4 C) 5 D) 3 k E) 4 k 


13, What is the volume of the solid figure generated 
by rotating the area between y - a 3 - 2a and the 
x-axis around the A-axis ? 


A) 2k 



C) 7k 


D) 


28k 

lb 


E) 


16 k 

Tb~ 


10, What is the area of the region bounded by the 
graphs of y — cos 2a and y - sm a on the interval 

10, K|? 

A) 3^3-2 B)-/3-2 C) 12rc - 2 

D) 6^3 + 2 E)6V3-2 


14. What is the volume of the solid figure generated by 
rotating the area between the graphs of y = 5x -1, 
a = l t a = 2 and the A-axis around die //-axis?. 


A) 


35k 

y 


D) 


147k 

3 


B) 27k 


E) 


63k 

~Y~ 



11, What is the area of the region bounded bv the 
graphs of a = //" + !, y-axis f y - 1 and y - 3? 

A) — B) — C)9 D) — E) — 

3 3 3 6 


15, What is die volume of the sohd figure generated 
bv rotating the area between the graphs of 
y — x~ - 3a - 4, a = 2 t a = 5 and the A-axis 
around the A-axis? 


A)^ 

27 



C) 


441k 

10 



E) 


2k 

~3~ 


12, What is the volume of the solid generated bv 
rotating the area between the graphs of y = 3a - 1, 
a = 2 and a = 3 around the A-axis? 


16, What is die volume of the sohd figure generated 
bv rotating the area between the graphs of 
y — 2a - 1 , a = l t a — 2 and the A-axis through 
180° around v-axis? 
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EXERCISES 1.1 


a 5 31 97 ^ 

1. a. it + c b. z + c c. cosx + c d. x 3 + 3x" + c 2. 26 3. 2 + — 4. — 5. — 6. a, sinx + x 4 - e 3 * + c 

x 8 3 

b. —-x 3 + 5x’ + c c. Sarctanx + c, = -Sarccotx + c„ d. _ 1 — + c e. — sin 4 x’ + c f. -7cosx + c g. _ e 3 * + c 

4 9 4 3 

. 2 . „ . 4 « . r- x 6 , 1 . , 1 3x* . 1 1 1 

h —sin3x-4cosx- e +c r a. —+c b, 4x + c c. -h- + c d. --+c e, - +c f, _+c 

3 5 6 2 x a 4x 4 8 8 x ! 5x 5 2x s 

2Jx 1 

g. 4e <lx + c ii. x 2 + 2x~ -x + c S. a. - -tc b. 31n \ x\ + c c. + ln| a| + a + -— + c dL sin a - cos a + c 

x x 2 

e. In \x\ 1 - c f. 5In |a + 1| + c g. In |x- 1| + c h. 2x~ + 3x - 4In \x | — + c a. — + c b. __ tc 

x 2 5 

3<r‘ j 5e 7 ^ ^ , 4* 5* . 6 ^ ^ 4 3 * 4 ^ 3 3 *' 1 

c. -+ c d. -+c e. 7e ~ + c f. -+c g. - tc ii. -+c l. -+c j. -+ c 

2 7 In 2 In 5 2 In 6 6 In 2 In 3 
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-tc 1 . 


2-3" 


-+c 10. a. 


cos 4 A’ 


, sin 5a: . . 

tc b - tc c. 4 tanA + c d. 


5 cot 2 a 


tc e. tan4 a + c 


In 10 In 3 4 5 2 

f. tan a — a + c g. a - cot a + c h . 3 arcsinA" + c 2 = -3 arccosA + l 4 aictan a + c x = -4 arccotA + 

j. a + 4 aictan a + c : = a - aiccotA + c n 


5 sin (8 a - 4) 
k. --- +c 
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, aicsin 2 a ar c c os 2 a 

1. - i-c,- -+ c a 


5 5 a sin 2 a 

m. —aictan 3a + c, = —arccotSA 1- c„ n. -+ c o. -cot a - a + c p. tan a -2a + c 

3 1 3 2 4 1 
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i . a. in|x -31 + c b. -In|x| + c c. ln|x| + c d. —In | 3 x + 11 + c e. - cos (4-v + l) + c f (1 + a: + x ) + c g _ 0 —* ) + 

3 4 9 16 

, sin(x a -5) arcsin4x arccos4x . ta . . , , . . . w s 

ii —--—+ c l. -+ q =-+ c„ ]. e + c k arctan(smx) + c : = -arccot(smx) + c„ 


i^ll + c in. & +x *f + c 2. a. ^L + c b. _ c°s(Q* a + 7 ) 

3 4 2 10 


In 'a , . - . . 

-tc c. —— -tc d. In| sm a | + c 
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1 . . 5cos 5 x nOv + 4 iJ 5 x-l 

e. -— + c f. In(e* + O + c £-ln e* -3 + c ii. -+ c i ‘—_- — -_+ c 3. a. xe* - e* + c 

9(1- 3 ^) 3 4 75 

b. e x (x 2 - 2x + 2 ) + c c. e *(* 3 - 3 x~ + 6x - 6 ) + c dL sinx - xcosx + c e. -e~ x (x~ + 2x + 2 ) + c 

f. x arccosx - Vl-+ c e, (x + 5> ln|x + 5|-x + c h. x log x - —— + c l. x arccot x + — ln(l + x~) + c 

lnlO 2 

j. — (cos(ln|x I) + sin(ln |x |)) + c k. -e~ x ■ ( SinA CQSA _ sin x _ jk + e 4 . a + 11 + c b. --—-+c 

2 4 4 8 (3x + l ) 3 

c. — + 21n | a: I — —1 c d. In | x~ + x - 11 Ice. —In 13x - 11 -I- — In \x -11 1 c f. 4x + — bi | x~ + 11 + c g. - —-—+ c 

2 x 6 2 2 £ +2 

1 1 « 1 
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6 * + ^-2 6 ^ 3 15 3 3 


4 6 
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-+c i. jc + 6 t /^-2 + c 
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2 4 16 


9 - 3arcsec —-+ c 
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f —-- — arccos(—) + c fi- —-1 -- + — - 

2 3 4 6 


+ c b. —Vac 2 - 9 -— ln(Vac a - 9 + %)+ c 
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i i n —rr. i . sin x 

l In | v * 1- - 9 + x | + c a -+ c b 

3 2 


Slir A ^ Sill 6 A sill* A , COS 3 A COS £ A COS 6 A 
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COSA COS7A 


COS X COS A 
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1, . x, 1 „ x 

—lii tail — —tair —+ c 

2 2 4 2 


c. In | tail —| + c 
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x x 1+ tan — 

dL 6 In | tan — | -3 In | tail " —+ 1 1 + c e. 2 - ?--* + c 
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EXERCISES 2.1 


1 4.5 2. Integral = 16, area 


52 19 1 

3. area = 16, Integral = 8 4 a. — b. 36 c. 64 d. — e. 1 f. 0 

& 3 2 


20 , 5a 4 74 , 3787 10537 , „ 2 e 2 + 3e-l 

g. — ft. - i. — 5, a. 0 b. 0 c 37 d, - e. --Hn4 f - g - 6 . -7 /. -3 

363 12 15 3 3 

\~t2x - 79 
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* 4 2 4 


EXERCISES 2.2 
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EXERCISES 3.1 


32 9 13 57 157 11 <Jt - 0 4 26 32 
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EXERCISES 3.2 


30l7t 28k 163k irtjl 16 t: 512ti; 
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23k n 15 tt 2126ti 3372t: 21k 
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6 4 15 5 16 
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23 . 6^6k 24 4k 25 . 26 . - 27 . ~{e 4 -e ) 28 . - 29 . 96k 30. - 31.4^10 

3 40 6 5 5 
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35. 


13^13-8 


k( 18^/5-lii(^5 + 2)) V! 
32 


4 27 

tc(31ii(^ -*j3-^2+ 2) + 33^" -7 
18 


40. 


36 lll( ^ +2)+2 ^ 37 16m 


m(18V5-ln(VS"+2)) 

32 
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A 

absolute value function: a function which is always 
defined positively: if/C*’) > 0 then \f(x) \ - f(x) „ and if 
/(*’) < 0 then \f(x) | = -f(x). 

antiderivative: a function F(x) + c for which F(x) - f(x). 

n 

boundary: a curve or a point which limits a region or a 
fine. 

C 

constant of integration: the constant term c which must 
be added when calculating an indefinite integral. 

continuous function: a function whose graph is a 
continuous line, with no breaks. 

p 

definite integral: the area between the graph of a 
continuous function f{x) on an interval \a y b\ and the 
x-axis. 

derivative: the rate of change of a function at a given 
point. 

differentiable function: a function which has a 
derivative at a given point. 

differential: the expression dx which shows the 
variable in an integral. 

differentiation: the process of finding the derivative of 
a function. 


discontinuity: a point at which a mathematical 
function is not continuous. 

r 

floor 'function: a function which gives the greatest 
integer number which is smaller than the value of a 
given function. 

fundamental theorem of calculus the theorem that we 
use to find die definite integral of a function. 

r 

indefinite, integral: the set of all the antiderivatives of 
a function. 

integrable function: a function which has an integral 
on a given interval. 

integral: a mathematical term that can be interpreted 
as the area under a graph or as a generalization of this 
area. 

integral sign the sign j that we use to show the 
integral of a function. 

integrand the algebraic expression under the integral 
sign. 

integration: the process of finding the integral of a 
function. 

integration by parts: a technique for finding an 
integral of the form j u■ v dx by expanding the 
differential of a product of functions d(uv) and 
expressing the original integral in terms of a known 
integral. 

interval: the set of all real numbers between two 
known numbers a and ft, written | a, b\. 

























inve rse coin ers ion f) rm id as : th e for mul a s for wr itin g 
tile product of two trigonometric functions as the sum 
or difference of two other trigonometric functions. 



Leibniz's ride: a rule which gives a formula for 
the differentiation of a definite integral whose limits 
are functions of the differentiable variables. 

tower limit: in a definite integral, the lower limit is the 
first number in the interval. 




Mean Value Theorem: a theorem that is used to find a 
number c in an interval \a, b\ such that/(c) is the ratio 
of the definite integral on the given interval to the 
difference of a and b. 


partial fraction: when a complicated fraction is given 
we can write it as the sum of simpler fractions. These 
fractions are called partial fractions. 

primitive m function: the antiderivative of a 
function. 


p 


radical ftnction a function which contains one or 
more radical expressions such square roots, cube roots, 
etc. 

rational function: a function which is written as the 
quotient of polynomials. 

reducible filiation: a function that can be written in a 
simpler form, or as the multiplication of simpler 
functions. 





sign function: a function that gives die sign of a function 
/(a). If f(x) is positive then the sign function has value 
+ 1, if fix) is 0 then die sign is 0 and when f(x) is 
negative its signum is -1. 

solid of revolution: a solid figure that is generated by 
rotating any curve or the graph of a function around 
the x or ij axis. 

substitution method the method for folding the 
integral of a function by using different and suitable 
variables instead of Ay 

surface of revolution: the surface area of a solid of 
revolution. 


tan x/2 substitution: a method for integrating a 
function which includes linear expressions of sin x 
and cos x by using the substitution t = tan (a/2). 

trigonometric substitution: a method for finding the 
integral of a radical expression which includes 
expressions such as at ± a~ or a~± x~. 


U 


upper limit: in a definite intepal, the upper limit is 
the last number in the interval. 


volume revolution: the volume of a solid of 
revolution. 






























BASIC DERIVATIVE FORMULAS 



♦ (stmt 1 )' = COSX 


4 (cosx)' = - Sill £ 


4 (tail x)' = sec\v - 1 + tairjt 1 


4 (cot x)' - -esc 1 x - -(1 +■ coq$) 


4 (secx)' = sec x ■ tajiA 


4 (cscx)' = -cscx - cotx 


4 (arcsin x)' 


Vl- x* 


4 (arccosx)' 


4 (aictana 1 )' - 


4 QnxY = 


Vl — XT 


l~tX~ 


x ■ In a 


♦ (1 og a x)' 


4 ( 0 ' = «“ 


4 {a*Y — a*-hi a 

















